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Abstract

A companion paper read the de Sitter slicing construction as an operator with three
independent data—the leaf, the stacking and the vantage—and showed that its vacuum
sector is the kernel of its own matter functional. This paper asks how far the operator
reaches: which exact solutions of general relativity are cuts of the one substrate, and which
are not.

The bound. A swept geometry inherits the sweep’s symmetry, and the sweep is by
isometries of the substrate, so every reachable geometry carries an isometry group containing
a sweep-subgroup of SO(4, 1). The range is therefore bounded above by the symmetry-
reducible sector of general relativity, and the body of the paper shows the bound is attained.

Filling the sector. Within a reachable symmetry class the operator’s four data supply
exactly the metric functions the class admits, so the cut spans the class, the vacuum members
are the substrate’s own family in that class, and matter is the bend. The homogeneous class
returns the Kantowski–Sachs form with the Schwarzschild–de Sitter interior as its vacuum
kernel; and that interior and the flat cosmology are the same geometry read at two slicings,
differing by a single rest-energy term—so collapse and cosmology sit in the range as cuts of
one substrate rather than as separate catalogue entries.

Rotation. Every symmetric cut is block-diagonal, so it cannot carry the cross term
in which frame-dragging lives. Rotation is therefore neither the leaf nor the lapse but
the shift, and angular momentum needs both the offset and the twist: the offset alone is
Schwarzschild–de Sitter, the twist alone is a rotating slicing of the substrate itself and not a
new geometry. Kerr–de Sitter, Reissner–Nordström–de Sitter and Kerr–Newman–de Sitter
are reached, with charge entering as the bend, and the separable Type-D vacuum kernel is
Kerr–NUT–(A)dS.

Algebraic type is no constraint. Petrov types O, D and I are all filled, the type carried
by the leaf rather than conferred by the rotation.

The wall. We give the boundary explicitly: what lies outside the symmetry-reducible
sector is outside the range, and the paper closes by saying what would be needed to reach
it and what remains open.

1 Introduction and ontological setting

The companion paper [5] took the de Sitter slicing curve of [1]—the radial curve whose turning
points are the roots of the Schwarzschild–de Sitter (SdS) horizon cubic, unifying Schwarzschild
and de Sitter as two readings of one slicing—and showed that the same curve, sent through the
Einstein tensor, generates the entire static spherically symmetric sector of general relativity:
the vacuum condition is the linear equation whose solution space is the SdS family (straight
cuts are vacuum), the energy density is the radial bend of the cut off that vacuum profile
(ρ = m′(r)/4πr2, matter is the curvature of the cut), and the radial pressure is carried by
unlocking the lapse from the spatial profile. The operator’s data separated into the leaf (the
spatial cut), the stacking (the lapse), and the vantage (the radial signature). That paper closed
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with the range as its principal open problem: whether the operator reaches the rest of general
relativity, or only a privileged subclass.

This paper answers the range question. The answer is geometric and, once seen, forced.
The de Sitter manifold is the maximally symmetric Lorentzian manifold; its isometry group
is SO(4, 1). The operator generates a geometry not by writing an arbitrary metric but by
sweeping or reassigning a lower-dimensional object built from the substrate’s own structure—
the spherical sector swept a one-dimensional curve on a two-dimensional de Sitter section by
SO(3). A geometry generated by sweeping with a subgroup H inherits the symmetry H, and
H is a subgroup of SO(4, 1). The range is therefore bounded above by the symmetry-reducible
sector of general relativity—geometries whose isometry group contains a sweep-subgroup of
SO(4, 1)—and the body of this paper shows the operator fills that sector, across every algebraic
(Petrov) type [21], with the substrate’s families as the vacuum kernels and matter as the bend.
That reach has a single structural axis. Algebraic type is the count of coincident principal null
directions, and the operator’s whole range—Petrov type O, D, and I—lies along that axis as
one interval between two null-structure boundaries. That the interval omits types II and III
is not an incompleteness but a consequence of the substrate’s own null structure: the de Sitter
surface is doubly ruled by straight null lines [6], so a cut inherits both rulings as repeated
principal null directions or neither, and types II and III—which carry exactly one, a double and
a triple respectively—have no way to be reached9. The interval O–D–I is therefore complete
on this substrate rather than merely as far as the survey went. The two boundaries are: at
the inner end the Nariai seam, where two horizon null surfaces merge into a frozen, maximally
symmetric but still Type-D degeneracy—the forced member on which cosmogenesis occurs, the
branch point r = 0 itself lying on it; at the outer end the wall, where the last degeneracy is lost
into the single propagating null direction of Type N. The wall is the complement: geometries
with no continuous symmetry to anchor a sweep, which is exactly the class whose matter is
genuinely inhomogeneous. The range so drawn is the reach of the substrate’s maximal symmetry
gathered in the geometric core [6]: what the maximal symmetry reaches is this constrained,
non-radiative skeleton, and the wall is its matter-boundary face read from the range side. One
consequence of that fill is worth marking at the outset, for it is the programme’s central identity
made comprehensive: the reachable sector carries the black-hole geometries and the cosmologies
together, as cuts of the one substrate, so that the Schwarzschild–de Sitter interior and the flat-
FLRW cosmology are the same geometry read at two slicings—collapse and cosmology one
family, not two, throughout the range this paper draws [4].

We carry the programme’s structural reading—formalized as the substrate’s action Lie al-
gebroid [7]—and its discipline of grounding rather than entailment [8]. Within Cosmological
Relativity the de Sitter manifold is the fundamental representation in which the evolving three-
dimensional universe is described; this paper works entirely at the representational level (how
cuts of the substrate generate the exact-solution geometries) and inherits the deeper individu-
ation rather than re-deriving it [4]. The results below ground the structural reading—that the
covariance of geometries over the substrate is general relativity’s covariance of charts lifted one
level, and that its range is precisely the symmetry-reducible sector—they do not entail it as a
theorem entails a corollary, and we mark throughout what is computed and what is the reading
the computations support.

2 The structural bound

Theorem 1 (The SO(4, 1) symmetry bound). Let a geometry be generated by the operator: a
lower-dimensional slicing object on the de Sitter substrate, swept or reassigned by a subgroup
H ⊆ SO(4, 1) of the substrate’s isometries. Then the generated geometry is invariant under H.
Consequently every geometry in the range of the operator carries an isometry group containing
a sweep-subgroup of SO(4, 1), and the range is contained in the symmetry-reducible sector of
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general relativity.

Proof. The sweep maps the slicing object along the orbits of H; the induced metric is constant
along those orbits by construction, so H acts by isometries of the generated geometry. The
sweep-subgroups available are the subgroups of the substrate’s isometry group SO(4, 1). A
geometry with no continuous isometry, or whose isometry group contains no SO(4, 1)-subgroup
acting as a sweep, is not of this form.

The shape of that argument is worth naming, because it is standard and because naming
it links the bound to the companion results rather than leaving it a lemma of this paper alone.
Bounding a reachable class above by a necessary condition and then showing the bound attained
is how one computes the image of a construction up to isomorphism, and the necessary condition
here is the same sentence the geometric core uses to say what a cut is—that a four-geometry’s
isometry group contain a sweep-subgroup of the substrate’s [6]P9R7.

The condition is stated as an inclusion, and at some strata it is in fact an equality. At
every stratum for which the companion algebroid paper tabulates an isotropy—SO(4, 1) at
Type O, SO(2, 1)×SO(3) at Nariai, Rt×SO(3) at the generic Schwarzschild–de Sitter class—the
inclusion is an equality [7]. The sharpening is stated for the strata tabulated, and the restriction
is structural rather than a limit of the survey : a cut’s isotropy is the subgroup of its geometry’s
isometry group preserving the second fundamental form as well as the induced metric, so the
two coincide only where the symmetry is large enough to fix the embedding too [5]. The Type-I
classes, Kerr–de Sitter and the wall are the low-symmetry classes, and are exactly where they
need not coincide. The inclusion is what the bound requires in any case.

Theorem 1 is a necessary condition; the rest of the paper establishes sufficiency sector by sec-
tor. The reachable symmetry classes are the geometrically realized subgroups of SO(4, 1): SO(3)
(spherical), SO(4), E(3), SO(3, 1) (the closed, flat, and open Friedmann–Lemâıtre–Robertson–
Walker (FLRW) isometries), the Kantowski–Sachs group and the abelian translation groups
(homogeneous cosmologies), and R×SO(2) (stationary axisymmetric). The groupoid of admis-
sible vantages within a class is the subject of [2].

3 Surjectivity within a class

Proposition 2 (In-class surjectivity). Let H be a reachable symmetry class with orbit space
of dimension k, so that the general H-invariant metric is determined by a fixed number of
functions of k variables. The operator’s data—the leaf (the spatial three-geometry of the cut), the
lapse (the time-stacking), the shift (the frame-dragging cross term), and the vantage (the radial
signature)—supply exactly these functions. The cut therefore spans the H-invariant metrics;
within the class the operator is surjective, the vacuum members are the substrate’s family in the
class, and matter is the bend off that family.

This is established case by case below. In each class the content is not the surjectivity
itself—once the cut carries the class’s function count, the cut ansatz is the general H-invariant
metric, and spanning is near-tautological—but the identification of the vacuum members as
the substrate’s family (the kernel) and of matter as the bend. The companion paper [5] is the
spherical case (H = SO(3), k = 1): two functions of r, kernel the one-parameter SdS family.
We take the remaining classes in turn.

4 The homogeneous class

The homogeneous anisotropic cut is the Kantowski–Sachs (KS) form [17], two scale functions
of cosmic time,

ds2 = −dτ2 +X(τ)2 dχ2 + Y (τ)2 dΩ2, (1)
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with spatial topology R × S2—genuinely anisotropic, the form the framework paper [4] reads
the SdS cosmology as carrying. Its stress-energy is

8πρ = −Λ + (Y ′/Y )2 + 1/Y 2 + 2(X ′/X)(Y ′/Y ), (2)

8πpχ = Λ− 2Y ′′/Y − (Y ′/Y )2 − 1/Y 2, (3)

8πp⊥ = Λ− Y ′′/Y −X ′′/X − (X ′/X)(Y ′/Y ). (4)

Two free functions (X,Y ) map onto the stress-energy (ρ, pχ, p⊥) modulo one conservation
identity—two independent—so the KS cut is surjective onto KS-symmetric stress-energy, gener-
ically anisotropic (pχ ̸= p⊥).

Proposition 3 (The KS vacuum kernel). The vacuum kernel (Tµν = 0) of the KS cut is
the Schwarzschild–de Sitter interiorP9R6, Y = r(τ), X =

√
−f(r) with (dr/dτ)2 = −f and

f = 1− 2M/r−Λr2/3, together with the Nariai member [18] Y = 1/
√
Λ (the two-sphere frozen

at the Nariai radius), X = e
√
Λ τ , in which the two-sphere is degenerate.

Proof. Direct substitution: for the SdS interior, (dr/dτ)2 = −f gives Y ′/Y =
√
−f/r, Y ′′ =

−f ′/2, X ′/X = (−f ′/2)/
√
−f , X ′′/X = −f ′′/2, and (2) and its partners reduce identically to

zero on f = 1− 2M/r−Λr2/3. For Nariai, Y = 1/
√
Λ gives 1/Y 2 = Λ and X ′′/X = Λ, and all

three components vanish.

The Nariai tangency, which the slicing framework [1] forces on the cosmological curve and
which [4] selects as the unique non-pivoting cosmological case, reappears here as the degenerate
member of the homogeneous vacuum kernel: the programme’s recurring object is again the
seam—the inner, Type-D end of the null-degeneracy axis the introduction lays out, the horizon
cubic’s double root ΛM2 = 1/9 where two horizon null surfaces merge, the wall its far end. This
locates the seam in the range’s own structure, and it does more than classify: it is where the
programme’s collapse–cosmology identity surfaces in the range’s own terms. The KS reading
(r timelike, R× S2, (dr/dτ)2 = −f) and the flat-FLRW reading (the marginally-bound E = 1
Painlevé–Gullstrand slicing [28, 29], (dr/dτ)2 = 2M/r + Λr2/3, the sinh2/3 scale factor of [5])
are different SO(4, 1)-classes—R× S2 anisotropic versus flat E(3)—of the same SdS geometry,
differing by exactly the rest-energy “−1” in (dr/dτ)2. The anisotropy is the artifact of the
fundamental observers’ motion through the third direction, now a feature of which slicing one
takes rather than an assertion. The interior of a black hole and an expanding universe are thus
one geometry read two ways—the range carrying the collapse and the cosmology not as two
families but as two cuts of the one substrate.

The same kernel carries an identity worth stating in its own right, because it says that
collapse and cosmology are one family and not two. The Schwarzschild–de Sitter interior in the
form (1) and the flat FLRW cosmology are the same geometry read at two slicings, differing by a
single rest-energy term—the −1 in (dr/dτ)2—so a black-hole interior and an expanding universe
sit in the range as cuts of the one substrate rather than as separate entries of a catalogue.

A curvature invariant makes the same point quantitatively. Read along the cosmological cut,
the perspectival Kretschmann scalar 48M2/r6 is, near the origin, 64/27τ4—free of the mass,
the amplitude’s r ∝ M1/3 cancelling the M2 exactly. Read along the interior cycloid, whose
amplitude carries r ∝ M , the same invariant goes as M−4 [3, 4]. So the mass-dependence
belongs to the slicing being read and not to the geometry read through it, which is what one
closed family read two ways requires.

5 Rotation is the shift

Every cut so far is block-diagonal, because a symmetric sweep makes the sweep orbits orthogonal
to the cut. The whole content of rotation is the cross term gtϕ—frame-dragging—which a block-
diagonal cut cannot carry. Rotation is therefore neither the leaf nor the lapse; it is the shift,
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the off-diagonal datum of the full stacking that the spherical and homogeneous cuts set to zero.
These four data—leaf, lapse, shift, vantage—are the same four the cosmological reading runs on,
and naming which is which fixes that reading with no room for a wrong turn: the leaf ’s bend is
the matter (the density read off the cut), the lapse is the foliation stacking rate the observable
expansion rides (set by the geometry, the content read off the clock it sets), the shift is the
synchronization convention through which that expansion is observed, and the vantage is which
direction the cut reads as time—f > 0 the static hole, f < 0 the expanding cosmology, the
null–timelike reassignment between them the same vantage move that carries a collapse interior
into a cosmology [4, 15]. The wall this paper reaches is the far boundary of that reading: where
the last continuous symmetry is lost the operator can no longer generate the leaf by a sweep,
and the layer passes to ordinary evolution—so the layered generation runs from the seam (the
inner, Nariai end of the null-degeneracy axis) out to the wall, the two its endpoints.

Proposition 4 (Kerr–de Sitter is reached; J is offset times twist). Kerr–de Sitter [19] is
vacuum-Λ on the same substrate, Rµν = Λgµν , sharing the throat α =

√
3/Λ; it reduces to SdS

as a → 0 and to de Sitter as M → 0. The mass-free, rotation-only limit (M = 0, a ̸= 0) is not
merely vacuum but maximally symmetric—its Riemann tensor is the constant-curvature form
α−2(gµρgνσ−gµσgνρ)—so the twist alone is a (rotating, oblate) slicing of the substrate itself, not
a new geometry. The radial and polar structure functions are the substrate-scale deformations

∆r = r2fSdS + a2fdS, ∆θ = 1 + (a/α)2 cos2 θ, Ξ = 1 + (a/α)2, (5)

with fSdS = 1− 2M/r − r2/α2 and fdS = 1− r2/α2. The angular momentum is the product of
the mass-offset and the twist, J = Ma/Ξ2, vanishing if either the offset or the twist is absent.

The verifications (vacuum to machine precision, the maximal symmetry of the M → 0 limit,
the exact decomposition (5)) are computationalP9R3. Kerr–de Sitter is the mass-offset cut—
the same M -offset that is the SdS mass—performed in a rotating slicing of the substrate, and
J = Ma is the statement that genuine angular momentum needs both the offset and the twist:
the offset alone is SdS, the twist alone is de Sitter, and only the offset taken in a twisted slice
carries J .

6 The separable Type-D vacuum kernel: Kerr–NUT–(A)dS

The separable (Carter) cut [10] couples a radial and a polar structure function through the
additive form Σ = r2 + p2 and the two Killing fibers (τ, σ),

ds2 =
Σ

∆r
dr2 +

Σ

∆p
dp2 +

1

Σ

[
∆r(dτ − p2dσ)2 −∆p(dτ + r2dσ)2

]
, (6)

with ∆r = ∆r(r), ∆p = ∆p(p).

Theorem 5 (The Type-D vacuum kernel). The cut (6) is vacuum-Λ if and only if its structure
functions are quarticsP9R4,

∆r = −Λ
3 r

4 + c2r
2 + c1r + c0, ∆p = −Λ

3 p
4 − c2p

2 + d1p+ c0, (7)

with the leading coefficient −Λ/3 = −1/α2 of both pinned by the substrate. The four free
coefficients {c0, c1, c2, d1} are the mass (c1 = −2M), the rotation (c0 = a2), the NUT charge
(d1), and a coordinate normalization (c2), so the rotating vacuum kernel of the operator is the
complete separable Type-D vacuum-Λ family—Kerr–NUT–(A)dS [20]—SdS being the c0 = d1 =
0, c2 = 1 member and Kerr–de Sitter the addition of the twist. Acceleration, the remaining
Plebański–Demiański parameter [11], does not appear here and is not a vacuum parameter
(Remark 8).
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Proof. The rr and pp Einstein equations of (6), after clearing the Σ/∆ factors, are

− Λ
2 (r

2 + p2)2 − r2+p2

2 ∆′′
r + r∆′

r −∆r +∆p − p∆′
p = 0,

− Λ
2 (r

2 + p2)2 − r2+p2

2 ∆′′
p + p∆′

p −∆p +∆r − r∆′
r = 0.

Their sum cancels every cross term and leaves

∆′′
r(r) + ∆′′

p(p) = −4Λ(r2 + p2), (8)

which separates: ∆′′
r(r) + 4Λr2 depends on r alone and equals −[∆′′

p(p) + 4Λp2], which depends

on p alone, so both equal a constant 2c2. Integrating, ∆r = −Λ
3 r

4 + c2r
2 + c1r + c0 and

∆p = −Λ
3 p

4− c2p
2+d1p+d0. Substituting these into the full Einstein tensor, every component

vanishes if and only if d0 = c0, which closes the kernel. The leading −Λ/3 is the substrate’s; the
remaining {c0, c1, c2, d1} are four free parameters, with the mass the offset c1 (c1 = −2M), the
rotation in c0 = a2 (the constant c0 = d0 coupling the two quartics), the NUT charge in d1, and
c2 a coordinate normalization. This is the vacuum-Λ Kerr–NUT–(A)dS family. Acceleration
does not appear: the additively separable form Σ = r2 + p2 of (6) is exactly Kerr–NUT–(A)dS;
the accelerating Plebański–Demiański members live in the conformally separable form and are
not vacuum (Remark 8).

Corollary 6 (The Carter constant is the substrate’s symmetry). The separation (8) is not
imposed beyond the separable form of (6): the vacuum condition on the maximally symmetric
substrate splits of its own accord into a pure-r and a pure-p equationP9R5. The hidden symmetry
of the Type-D family—the Killing tensor and the Carter constant of motion that render Kerr
geodesics integrable [27], which general relativity carries without explanation—is the substrate’s
maximal symmetry surfacing in the separable corner.

Remark 7 (The chain, drawn). Read alone the corollary is weaker than what this paper has,
because it works on the separable ansatz and so answers only what the vacuum condition does
once that form is granted. That hedge is mathematics rather than modesty : separability of
the Hamilton–Jacobi equation and the existence of a rank-two Killing tensor are equivalent for
the geodesic system [10], so obtaining the tensor from a separable form obtains a thing from
its own equivalent. The chain below does not pass through separability at all—it runs through
algebraic speciality—which is why it answers the prior question and the corollary does notL14.
The prior question—why the reachable cuts should be of a type that admits such a form at
all—is answered in §7 by a different argument, and the two join. The substrate’s null rulings are
shear-free; a cut that inherits one as its principal congruence is therefore algebraically special
by the Goldberg–Sachs theorem; the speciality invariant places the resulting family at Type D;
a Type-D vacuum admits a Killing tensor [27]; and the constant of motion that tensor carries is
Carter’sP9R8L20. So the explanation does not rest on the separable ansatz : the ansatz is where
the vacuum condition is checked, and the shear-free rulings are why a cut of that kind is what
the construction produces. No conservation theorem of the usual kind is invoked or needed—the
Carter constant is not the charge of a point symmetry, which is precisely why general relativity
carries it without explanation, and the substrate supplies instead the geometric reason a Killing
tensor is there to be found.

Remark 8 (Acceleration is matter, not a vacuum parameter). The fourth Plebański–Demiański
parameter [11], the acceleration A, is absent from the vacuum kernel above because it is not a
vacuum datum. In the de Sitter C-metric the axis is governed by a structure function G(x) =
1−x2−2mAx3 that carries no Λ; for a bare accelerating mass (m,A ̸= 0) the two axis poles have
unequal |G′|, leaving a conical deficit on one of them—a cosmic strut—that the cosmological
constant cannot remove, and that can be traded only for a NUT-type (Misner-string) term, not
eliminated. A free mass follows a geodesic; a forced acceleration therefore requires a source, and
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that source is the strut. In the present framework a strut is a one-dimensional line of matter
on the axis—a bend—so acceleration is reached, but on the matter side, as a bend, exactly as
the companion paper reads all matter. The substrate’s own free relative-acceleration is not this
parameter at all: it is the de Sitter geodesic drift, already carried by the cosmological (E = 1)
sector of [5]. The reading does not depend on the coordinate form in which the strut was
displayed: a forced acceleration requires a source—the equivalence principle makes a free mass
geodesic—and that source can be relocated along the axis or traded (the strut for a NUT-type
Misner string) but never eliminated, so acceleration is matter throughout the reducible sector,
never a vacuum parameter.

Remark 9 (Charge is the bend). Electric charge is likewise not a vacuum datum. The ker-
nel of Theorem 5 is the vacuum-Λ family Kerr–NUT–(A)dS; the charged solutions—Reissner–
Nordström–de Sitter and its rotating completion Kerr–Newman–de Sitter—are electrovac rather
than vacuum, and the charge enters as the bend. In the spherical case the structure function
f = 1 − 2m(r)/r − Λr2/3 carries m(r) = M − Q2/2r, so the bend m′(r) = Q2/2r2 is sourced
by the Maxwell field A = −(Q/r) dt and the Einstein–Maxwell–Λ equations hold identically:
charge is a field on the cut, exactly the matter-as-bend reading the companion paper gives all
matter [5]. It is rotation-independent—in Kerr–Newman–(A)dS the radial structure function is
∆r = (r2+a2)(1−Λr2/3)− 2Mr+Q2, with Q entering only through +Q2, decoupled from the
rotation a and the mass M of the vacuum kernel—and the geometry carries charge conjugation
as a symmetry rather than a blindness: the metric depends on Q only through Q2, so Q 7→ −Q
leaves it invariant—the even-face degeneracy the companion reads as a boundary, paired there
with the R-odd mass [9]—the sign of the charge living entirely in the Maxwell potential A
(linear in Q). The boundary paper carries that even face one step further: composed with
the antilinear reality involution τ̃ 7→ ¯̃τ of the vacuum cosmogenetic bead, the mass-reflection
R supplies charge conjugation’s geometric kinematic (Feynman–Stückelberg) face, so that the
full conjugation factorises with only the charge sign closing from the Maxwell field [9]—the
Q2-degeneracy read here being the linear-face root of that closure. And the geometric factor
is shown to carry no asymmetry of its own, which sharpens what the Maxwell field is left to
close. The imaginary segment along which the reality involution is realised is a solution of a
variational principle, and its action’s integrand r[f(r) − 1] = −2M − r3/α2 is odd under the
standing conjugation acting on offset and mass together, r 7→ −r with 2M 7→ −2M ; the two
branches therefore carry equal and opposite action, summing to zero identically [15]. So neither
branch is weighted above the other by the geometry : the even Q2-dependence read here and
the odd mass-reflection read there are not merely compatible but exactly balanced, and any
asymmetry between matter and antimatter must enter through the charge sign in A—the one
factor the geometry does not supply—rather than being manufactured at the crossing. That is
a stronger statement than the factorisation alone gives, which says only where the sign lives;
this says where an asymmetry could come from, and rules out the geometric factor as its source.
Charge is therefore reached on the matter side, a bend alongside acceleration, with the vacuum
kernel unchanged.

7 Algebraic type is no constraint

Theorem 5 might suggest that the operator reaches only the algebraically special (Type-D)
geometries, the separable corner whose hidden symmetry it explains. It does not. Algebraic
speciality is detected by the Weyl invariants: a geometry is algebraically special exactly when
the speciality discriminant I3 − 27J2 vanishes—equivalently, when two of the three eigenvalues
of the self-dual Weyl operator coincide—and is Type I when it does not. We verify the sep-
aration directly from the Weyl eigenvalues: Schwarzschild–de Sitter, Kerr–de Sitter, and the
axisymmetric Bianchi members are Type D (a repeated eigenvalue, the speciality ratio constant
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over the manifold), while the generic members are Type I (three distinct eigenvalues, the ratio
varying point to point). The operator reaches Type I in two distinct classes.

Proposition 10 (Type-I reachability). The operator reaches Petrov type I. At three Killing vec-
tors, the generic vacuum-Λ Bianchi-I (anisotropic flat) cosmology—ds2 = −dt2 +

∑
i ai(t)

2dx2i
with ai = sinh(3t)1/3 tanh(3t/2)Ci/3,

∑
Ci = 0,

∑
C2
i = 6 and the Ci distinct—is vacuum to

machine precision and Type IP9R2 (its speciality varies with time and departs from the special
value, while the axisymmetric member with two equal Ci is Type D). At two Killing vectors,
the Zipoy–Voorhees γ-metric [25, 26] (static axisymmetric vacuum, non-separable) is Type I for
γ ̸= 1—three distinct Weyl eigenvalues with the speciality ratio varying over the manifold—and
Type D (Schwarzschild) only at γ = 1, where two eigenvalues coincide and the ratio is constant.
Both are reached as cuts: Bianchi I as a homogeneous cut, Zipoy–Voorhees as a member of
the Weyl class, the general static axisymmetric vacuum family (one harmonic function on the
substrate, with the second metric function fixed by quadrature). The reach persists with the shift
turned on. In the stationary axisymmetric class the Tomimatsu–Sato [24] δ = 2 metric is Type
I—three distinct self-dual Weyl eigenvalues, vacuum to machine precision, with the speciality
ratio 27J2/I3 varying over the manifold—while the rotating spherical leaf, Kerr, stays Type D
(a repeated eigenvalue, the ratio ≡ 1 identically). Rotation of a Type-I static leaf preserves Type
I exactly as rotation of the Type-D spherical leaf preserves Type D: the algebraic type is carried
by the leaf, not conferred by the rotation. It is reached as a cut on the same footing as the static
Weyl class—the stationary axisymmetric class carries the two Killing vectors ∂t, ∂ϕ, a sweep-
subgroup of SO(4, 1), and the shift is the independent datum (Proposition 4, the lapse–shift split
of [5]) that turns the static type-I leaf into its rotating member.

These are computational facts. Their consequence is structural: Type D is the separable
corner of the range, not its edge. The corner is where the substrate symmetry surfaces as a
Killing tensor (Corollary 6); the rest of every reachable class is Type I and needs no hidden
symmetry, no separability, and no algebraic speciality. What governs reachability is the count
of Killing vectors (the honest isometry, by Theorem 1), not the count of Killing tensors.

The reason the naive expectation fails is the shift–shear link. An algebraically special vacuum
geometry has, by the Goldberg–Sachs theorem [22], a shear-free null geodesic congruence; the
substrate’s null rulings are shear-free, and where a cut inherits one as its principal congruence
the geometry is algebraically special—this is the Type-D corner. But a cut need not inherit
a shear-free congruence: the anisotropy of Bianchi I and of Zipoy–Voorhees is shear, shear
forbids a repeated principal null direction, and the substrate’s congruences can be reassigned
with shear. Nothing forces algebraic speciality, and the operator climbs past Type D into Type
I. And the shear this link governs must be kept apart from the shear of a spatial leaf, because
the corpus uses one word for both: here it is the optical shear of a null geodesic congruence—
one complex scalar, and for the principal directions an invariant of the geometry—whereas the
trace-free part of a leaf’s extrinsic curvature has five real components and belongs to a foliation
rather than to the geometry. Schwarzschild carries both answers at once: it is Type D with
shear-free principal directions in every slicing, while its leaf shear is zero on static slices and
σijσ

ij = 3M/r39 on Painlevé–Gullstrand slices—and the whole difference is longitudinal, so the
transverse-traceless part vanishes either way. An algebraic-type theorem therefore reaches the
two transverse components and not the three the momentum constraint carries. This survives
the shift: turning on the frame-dragging over a shearing (Zipoy–Voorhees) leaf leaves the shear
that broke speciality intact, so the Tomimatsu–Sato metrics remain Type I (Proposition 10),
whereas the shear-free spherical congruence stays shear-free under rotation and Kerr stays Type
D—the shift moves angular momentum, not algebraic type.

There is, however, one algebraic class the symmetric cuts do not produce, and it is the class
that marks the boundary.

8



Proposition 11 (The radiative types are absent). The reachable vacuum kernels are the non-
radiative algebraic types—type O (Weyl-flat), type D (I3 = 27J2), and type I (generic I, J)—in
each of which the Weyl invariants I, J are not both zero (or the Weyl tensor vanishes). The
purely radiative types N and III, for which I = J = 0 while the Weyl tensor is nonzero, do not
occur among them. The plane gravitational wave,

ds2 = H(u, x, y) du2 − 2 dudv + dx2 + dy2, Hxx +Hyy = 0, (9)

is vacuum with I = J = 0 and nonzero Weyl—type NP9R1—and is not a symmetric cut. High
symmetry forbids it: spherical vacuum is static by Birkhoff’s theorem [23], the Weyl class is
static, and the homogeneous tensor mode is a non-propagating shear. Free gravitational radiation
requires the symmetry-breaking propagation a sweep cannot carry, and is therefore absent from
the range.

This absence is not a gap in the reachable sector but its positive boundary, developed next.

8 The range and the wall

Theorem 12 (The range is the symmetry-reducible sector). The range of the operator is the
symmetry-reducible sector of general relativity: a geometry is a cut of the de Sitter substrate
when its isometry group contains a sweep-subgroup of SO(4, 1). Within any such class the
operator is surjective across all algebraic types, the vacuum members are the substrate’s family
in the class, and matter is the bend. The vacuum kernel’s size is set by the symmetry the class
spends: where the class reduces to ordinary differential equations (one orbit-space variable) the
kernel is a finite parameter family (one parameter for SdS by [5]; four for the Type-D family
by Theorem 5; the finite KS family by Proposition 3); where it remains a partial differential
problem (two variables, the static axisymmetric class) the kernel is an entire functional family,
the Weyl class. The boundary of the range is the loss of a symmetry able to anchor a sweep,
which is strictly stronger than the loss of symmetry (Corollary 13).

The upper bound is Theorem 1; the filling is Proposition 2 realized class by class in §4–§7.
The boundary statement is the content of the wall.

Corollary 13 (The wall is inhomogeneity). A geometry with no continuous isometry admits
no sweep-subgroup of SO(4, 1) to anchor the construction; the operator has nothing to grip, and
such a geometry is one whose matter is genuinely inhomogeneous. The converse fails, and the
failure is worth stating precisely, because this paper’s own exemplar of a geometry beyond the
wall is its witness. The type-N plane wave of Corollary 14 carries a five-dimensional isometry
algebra—the four solutions of the transverse oscillator equation f̈a = Aa

b(u)f
b together with the

null translation ∂v, so more continuous symmetry than Schwarzschild’s four—and it is vacuum,
with no matter at all to be inhomogeneous. So the complement of the range is neither the
asymmetric geometries nor those with inhomogeneous matter; it strictly contains both. What
excludes the plane wave is the second clause of the condition in the proof of Theorem 1 rather
than the first. Its full isometry algebra is the five-dimensional Heisenberg algebra, whose derived
algebra is the one-dimensional centre ⟨∂v⟩; and SO(4, 1) is a rank-one algebra whose unipotent
radical is abelian—of dimension three here, and of dimension four in the ambient SO(5, 1) of
the geometric core—so no Heisenberg algebra of unipotent isometries embeds in it at either level.
The abelian subalgebras that do embed act with three-dimensional null orbits, which carry no
spacelike leaf for the operator to sweep. The boundary is therefore the loss of a symmetry whose
orbits can carry a leaf, and not the loss of symmetry. The two coincide across every class filled
in §§4–7, which is why the shorter statement served; they come apart exactly on the null orbits,
which is where the wall’s own exemplar lives. The operator captures every geometry general
relativity admits that carries a leaf-sweeping symmetry, of every algebraic type; beyond it lie
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both the inhomogeneous-matter sector and the null-orbit vacuum sector, and only the first is a
statement about matter.P9R9

Corollary 14 (The wall is free gravitational radiation). Read on the geometry side, the bound-
ary has a positive identity: it is the onset of free gravitational radiation. By Proposition 11
the reachable sector carries no free propagating tensor mode. High symmetry forbids radiation
(Birkhoff and its analogues); intermediate symmetry confines it to a reduced propagation that
a residual isometry still pins—the cylindrical Einstein–Rosen and Gowdy waves, type I with
two Killing vectors, hence in the reachable sector by Theorem 12 and lying on its edge; only
the loss of all confining symmetry frees it, in the type-N plane wave (9) and the generic grav-
itational wave beyond the wall. The graviton’s two propagating polarizations are exactly the
transverse degrees of freedom a sweep cannot carry, since a swept geometry depends only on its
orbit-space coordinates while a free wave depends on the transverse coordinates through which it
propagates. That count is the leaf’s own, and is fixed by the constraints rather than imported:
writing the extrinsic curvature as Kij = 1

3θgij + σij makes K2 − KijK
ij = 2

3θ
2 − σijσ

ij an
identity, so the energy density is the leaf ’s intrinsic curvature traded against its shear with no
symmetry assumed; the trace-free momentum constraint is then Djσ

ij, which under the York
split σij = σTT

ij + (LW )ij is an elliptic equation for the vector W alone. Of the shear’s five

components the constraint therefore owns three, and the two it leaves are the two above9. And
the confining isometry does not remove them: it pins the propagation direction, so one trans-
verse plane serves the whole leaf and a polarized Gowdy leaf is one of the two rather than one of
five—which is why the wall is the loss of that pin, after which the transverse plane turns from
place to place, and not the vanishing of the transverse freedom. With Corollary 13 this is one
boundary read two ways—free radiation on the geometry side, dynamical inhomogeneous sources
on the matter side—with the qualification that corollary carries: the vacuum plane wave is be-
yond the wall while carrying five Killing vectors and no matter at all, so the matter-side reading
names one part of the complement and not the whole of it. One consequence for the reading,
and it is the honest answer to a question the programme leaves standing: the perspectival read-
ing of apparent dynamics—evolution as the shadow of a sweep by substrate isometries—does
not acquire a separate non-vacuum form once matter is present. It keeps the same form and
acquires a domain. A sweep is anchored by a continuous isometry, and matter neither supplies
nor removes one; what removes it is inhomogeneity, so the reading holds for exactly as long as
the matter carries a symmetry and fails exactly at the wall.

And the failure is sharp rather than gradual, for the reason Corollary 14 gives: a sweep
deforms with fixed orientation, and the loss of the last confining isometry is precisely where a
wave’s polarization must begin to reorient from place to place.

What lies past that boundary is not a weaker version of the reading but ordinary general-
relativistic free evolution, which this construction does not generate and does not claim to.
The operator generates the constrained, non-radiative skeleton of general relativity in every
symmetry class and of every Coulomb-like type; the wall is where the field begins to propagate
and the matter to move on its own.

Read against the classification the framework paper places on the table—how much of the
standard catalogue of exact solutions is geometric multiplicity and how much vantage [4]—this
range is the geometric axis of the answer. The genuine multiplicity of the reachable catalogue is
the moduli of distinct vacuum cuts established here: the one-parameter Schwarzschild–de Sitter
family, the separable Type-D kernel Kerr–NUT–(A)dS (Theorem 5), the functional Weyl class,
and the homogeneous families, with mass, rotation, and NUT charge the moduli transverse to
the substrate’s orbits. The apparent multiplicity that causal reassignment produces is vantage,
one geometry read several ways—de Sitter and Schwarzschild as one slicing read two ways [1], the
Kantowski–Sachs and flat-FLRW readings of one Schwarzschild–de Sitter geometry differing by
the rest-energy term alone (§4), the orientation parity ±M [7]—while charge and acceleration
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(§6) are matter, the bend. The reachable catalogue is thus one substrate read through a
vantage groupoid over the moduli family of cuts established here, with matter the bend; and the
Friedmann initial singularity is the branch point r = 0 carried on the degenerate Nariai member
of that moduli family (§4)—a genuine curvature singularity of the Schwarzschild–de Sitter metric
read over the r-chart [3, 16], and not a breakdown of the substrate the cut is taken on. The re-
expansion from that seam—and the primordial light-element abundances the collapse across it
produces—is worked out in the cosmogenesis paper [15], its expansion history in the cosmology
paper [16]: the causal reassignment there, collapse read forward as an expanding universe—the
two readings of the single closed cosmogenetic bead the framework proves [4], whose seam is
exactly the degenerate Nariai member this range places at the inner end of the null-degeneracy
axis—is one of the vantage changes this range classifies, its matter the bend crossing inherited.
The vantage changes this range does not classify are the irreducible ones: the interior causal
reassignments (Kerr-inner, Reissner–Nordström-interior) that carry across an inner horizon lie
outside the reducible groupoid, and whether the slicing-curve description reaches them across
an inner horizon is open—the complement of the reducible sector on the vantage axis, as the
wall (§8) is its complement where continuous symmetry is lost, both handed to the same matter
frontier [4].

9 Scope and open problems

The results are established within the symmetry-reducible sector and verified across algebraic
types: the SO(4, 1) bound (Theorem 1), the homogeneous kernel (Proposition 3), the location
of rotation in the shift with J = Ma (Proposition 4), the Type-D vacuum kernel and the
explanation of the Carter constant (Theorem 5, Corollary 6), the reach across Petrov types O,
D, and I and the absence of the radiative types (Proposition 10, Proposition 11), and the range
and wall—the latter both as the loss of isometry and, positively, as the onset of free gravitational
radiation, and, by the companion dynamics paper, a regular boundary walked past into ordinary
evolution [13] (Theorem 12, Corollaries 13 and 14). The wall is characterized below and the
explicit non-spherical matter functionals collected; the one genuinely open remainder is the
irreducible interior reassignments (Kerr-inner, Reissner–Nordström-interior)—the vantage-axis
complement noted above, tied to the matter sector [4].

The matter sector off the kernel in the non-spherical classes (collected). The vacuum
kernels are established in every class; the bend—the matter content as a functional of the cut—
is worked out in the companion paper for the spherical class and is the same leaf/lapse/shift
reading in the others. The explicit functionals and their equations of state are collected as
follows. For the homogeneous class they are (2) and its partners: two independent functionals
of the cut (X,Y ) modulo the contracted-Bianchi (conservation) identity ρ̇+ (X ′/X)(ρ+ pχ) +
2(Y ′/Y )(ρ+p⊥) = 0, generically anisotropic (pχ ̸= p⊥), with the perfect-fluid closure pχ = p⊥ a
single ordinary differential equation on (X,Y ) and dust and the Schwarzschild–de Sitter vacuum
its degenerate members. For the axisymmetric (Weyl) class the bend splits into two functionals
off the Λ = 0 vacuum kernel (the potential U harmonic in the flat cylindrical Laplacian, γ by the
quadratures γρ = ρ(U2

ρ −U2
z ), γz = 2ρUρUz): the failure of U to be harmonic is a fluid bend (its

source the trace of the spatial stress, hydrostatic balance dU = −dp/(ρ+p) setting the isotropic-
pressure equation of state), and the failure of γ to satisfy its quadratures is an axial-strut bend
(pure tension T z

z = −ρ, the conical-defect equation of state)—the latter exactly the irremovable
strut of the bare accelerating mass (§6), here placed as the class’s canonical non-fluid functional.
The functionals are verified symbolically against the Einstein tensor, with every vacuum kernel
recovered (receipt: computations/matter functionals/matter functionals C9.py).
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The wall. The boundary of the range is the loss of isometry, and it now has a positive identity:
it is the onset of free gravitational radiation—the graviton’s two propagating polarizations—
read on the matter side as the emergence of dynamical, inhomogeneous sources (Corollaries 13
and 14). The reachable sector is the constrained, non-radiative skeleton of general relativity,
in every symmetry class and of every Coulomb-like algebraic type; past the wall, where the
last continuous symmetry is gone, the operator’s generation ends—but no gap opens there, and
the companion dynamics paper walks straight past it: it works the cut’s dynamics as a true-
Hamiltonian flow throughout the reducible sector and shows the wall to be a regular radiative
boundary—not a metric singularity, and not the cosmogenesis branch point—beyond which the
leaf is carried by ordinary general-relativistic evolution [13]. The wall is thus named and walked
past, not a defect and not the construction’s open edge.

Two results fix its character exactly. First, the last reachable object before it has been
constructed exactly: a confined gravitational wave—a linearly polarized Gowdy–de Sitter cut
carrying two Killing vectors—on which the transverse-traceless mode evolves by a wave equation
while one isometry still pins it, the background area function driven by Λ and the wave’s energy
and momentum carried entirely by the shear of the spatial leaf. Second, the wall itself acquires
a sharp characterization: a sweep generates a deformation of fixed orientation, so a confined
wave is self-consistent only while it propagates transverse to that orientation, and the loss of
the last confining isometry is exactly the point at which the wave’s polarization must reorient
from place to place. The rigidity of a single global sweep is what the wall is. Reaching past it
would require a generation whose orientation varies locally rather than globally; but since the
construction leaves the dynamics of general relativity unchanged, the radiative sector beyond
the wall is reached by ordinary evolution of the leaf, not by generation from a sweep.

The wall is therefore the proper boundary of the operator’s generative reach—the seam at
which generation-by-symmetry hands off to evolution-by-dynamics—rather than a defect to be
engineered around. Read once more, on the orientation the sweep carries, the same boundary is
where chirality becomes generic: where the sweep carries a rotation—the SO(3) of the symmetric
sector—it completes the reflection that would exchange the wave’s two handednesses into an
orientation-preserving rotation and so identifies them, a mirror rather than a chirality; once that
swept rotation is lost no isometry remains to undo the reflection, and the criterion accordingly
bites from that loss onward rather than only at the wall—a wave whose single polarization a
residual isometry still pins to a fixed axis remains achiral, the unpolarized turning wave is the
first chiral case, and the wall, where the polarization reorients from place to place and no residual
isometry survives, is where chirality is generic. The handedness is the Z2 sign of the turning
of the polarization plane (helicity ±2); the criterion is computed in the companion dynamics
paper [13], the parity being the substrate’s own orientation surfacing in the freed transverse
modes—the A2 diagram automorphism of [2], the same orientation-parity Z2 that in the static
sector is the de Sitter↔Schwarzschild correspondence (the backward-radial reflection under
which the de Sitter geometry is even and the Schwarzschild mass odd). This connected-versus-
disconnected division—the handedness identified while a connected sweep symmetry survives,
genuine once that symmetry is lost—is the same one that places the matter sector’s chirality [14]
on its complementary footing: a fermion chirality realised by a connected gauge isometry is
rendered vector-like by the Atiyah–Hirzebruch obstruction, while the graviton’s handedness
lives in the disconnected orientation parity that obstruction cannot reach [9].

The central constructions are established and verified at the stated scope, which is the
symmetry-reducible sector of general relativity across all algebraic types. The operator gen-
erates that sector—vacuum as the substrate’s family, mass as the offset, rotation as the twist
carried by the shift, the separable Type-D family (Kerr–NUT–(A)dS) as the rotating kernel,
matter as the bend—over one fixed substrate whose only scale is the throat radius α =

√
3/Λ,

which fixes the leading term of every vacuum kernel. Its hidden symmetries, where they appear,
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are the substrate’s symmetry surfacing; its algebraic type is unconstrained; and its boundary is
the exact place where symmetry, and with it inhomogeneous matter, begins. This draws the ex-
act reach of the framework’s gravitational face. The framework reads one maximally symmetric
de Sitter substrate as at once general relativity’s solution space, the discrete CPT and charge
structure, and the gauge sector on its conjugate real form [4]; the companion operator generates
the first of these [5], and the present paper fixes how far it reaches—the symmetry-reducible
sector, filled across every algebraic type and bounded by the wall, past which the leaf is carried
by ordinary general-relativistic evolution [13]. General relativity’s solution space is thereby the
cut-family of the one substrate, its own covariance of charts lifted one level to covariance of
geometries.
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Appendix R Computational Receipts

Each computation marked R in the text is verified by a runnable receipt in the receipts/ directory that
ships with this work; status OK = verified (traced, run, output matches the claim). This appendix is
generated from the receipt index, not maintained by hand.

P9R1 P09 ppwave typeN [OK]
prop:radiative (pp-wave dsˆ2=H duˆ2-2dudv+dxˆ2+dyˆ2 is vacuum iff H harmonic; Weyl!=0
but all scalar invariants vanish = Petrov TYPE N (radiative, I=J=0); NOT a symmetric cut (the
range’s boundary)). Computes: Ricci derived (R uu=-(1/2)(H xx+H yy)); R uxux!=0; Kretschmann=0
(VSI); Type N off computed Weil+Kret (not O, not D) Bound: radiative types absent from the
range Run: python3 receipts/P09 range paper/P09 ppwave typeN.py

P9R2 P09 bianchiI typeI [OK]
prop:typeI (generic vacuum-Lambda Bianchi-I (a i=sinh(3t)ˆ{1/3}tanh(3t/2)ˆ{C i/3}, distinct
C i) is Petrov TYPE I: electric Weyl has 3 distinct eigenvalues (Iˆ3!=27Jˆ2)). Computes: numeric
GR pipeline; Rˆmu nu=3 delta (vacuum-Lambda); electric Weyl traceless, 3 distinct eigenval-
ues; speciality varies with t; control axisymmetric (2,-1,-1)=Type D Bound: algebraic type no
constraint on the range Run: python3 receipts/P09 range paper/P09 bianchiI typeI.py

P9R3 P09 kerr deSitter [OK]
prop:kerr (Kerr-de Sitter is vacuum-Lambda (Rˆmu nu=Lambda delta, Lambda=3/aˆ2) on the
substrate; Delta r=rˆ2 f SdS+aˆ2 f dS; a-¿0 -¿ SdS; M-¿0 -¿ maximally symmetric (Weyl-flat)).
Computes: numeric Ricci=Lambda delta at 3 (r,theta) (resid 3.5e-6); Delta r decomposition sym-
bolic; M-¿0 Weyl-¿0 vs M!=0 Weyl!=0 Bound: J=Ma/Xiˆ2 (Komar) stated not computed here
Run: python3 receipts/P09 range paper/P09 kerr deSitter.py

P9R4 P09 typeD quartics [OK]
thm:pd (separable Carter cut is vacuum-Lambda IFF structure functions are the quartics (Dr=-
L/3 rˆ4+c2 rˆ2+c1 r+c0, Dp=-L/3 pˆ4-c2 pˆ2+d1 p+c0): leading -L/3, shared c0, opposite c2
= Type-D Kerr-NUT-(A)dS). Computes: numeric Rˆmu nu=Lambda delta for the quartics; 3
only-if controls (extra rˆ3, mismatched c0, flipped c2) each break vacuum Bound: the iff, both
directions Run: python3 receipts/P09 range paper/P09 typeD quartics.py

P9R5 P09 carter killing [OK]
cor:carter (the vacuum separation Dr”+Dp”=-4L(rˆ2+pˆ2) splits of its own accord; the separa-
tion constant c2 (opposite in Dr,Dp) is the Carter constant = a genuine irreducible Killing tensor
K=pˆ2 gˆ(r)-rˆ2 gˆ(p) with grad (a K bc)=0). Computes: symbolic separation + constant; nu-
meric Killing eqn (˜1e-8); K irreducible; wrong-sign control fails Bound: the substrate’s hidden
symmetry, forced by vacuum Run: python3 receipts/P09 range paper/P09 carter killing.py

P9R6 P09 ks vacuum [OK]
prop:ksvac (**!! MARKED c54.161: the printed chain rule for Y’/Y is the self-comparison
simplify(YpY - sqrtnf/r)==0**, and YpY was assigned that same expression one line earlier, so
the first conjunct tests the interpreter; only the second has content. KS vacuum kernel = SdS
interior: Y=r, X=sqrt(-f), (dr/dtau)ˆ2=-f substituted into the Kantowski-Sachs stress-energy
gives rho=p chi=p perp=0). Computes: symbolic: the 3 stress-energy components vanish for the
SdS interior; control X=const breaks it Bound: SdS is the vacuum member of the homogeneous
class Run: python3 receipts/P09 range paper/P09 ks vacuum.py

P9R7 K7 range is essential image [OK]
— (K7 — IS P9’s RANGE THE ORBIT SPACE OF K1’s ACTION GROUPOID? CONFIR-
MATION 2 — P9 read at source FIRST, and it turns out to be speaking the language al-
ready: NECESSARY (prop:bound): ’a geometry swept by H ¡= SO(4,1) INHERITS H, so ev-
ery reachable geometry’s isometry group CONTAINS A SWEEP-SUBGROUP of the substrate’s.’
SUFFICIENT (prop:surj): ’the operator’s four data supply exactly the functions the general H-
invariant...). Computes: runs clean; registered from its own docstring and a live run Bound:
description is the receipt’s own wording, condensed; not independently re-derived here Run:
python3 receipts/P09 range paper/K7 range is essential image.py
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P9R8 V1 carter chain [OK]
rem:carter-chain (V1 — IS THE CARTER-CONSTANT CLAIM A NOETHER, KILLING-
TENSOR, OR SEPARABILITY STATEMENT? CONFIRMATION 2 — P9 read whole, and the
ledger’s premise (’the corpus’s wording does not distinguish them’) is WRONG. P9 distinguishes
them explicitly and cites the right sources. What it has:). Computes: runs clean; registered from
its own docstring and a live run Bound: description is the receipt’s own wording, condensed; not
independently re-derived here Run: python3 receipts/P09 range paper/V1 carter chain.py

C1 the two covers branch where the corpus pries [OK]
sec:homog (the two three-fold covers branch at the two loci the corpus pries apart). Computes:
disc(rˆ3-r+2M)=-4(27Mˆ2-1); double root at alpha/sqrt3; deck fixed point at r=0; branch sets dis-
joint (12) Bound: NOT-A-PAPER-CLAIM — discharges L-203 station C probe C1 Run: python3
receipts/RM C complex analysis/C1 the two covers branch where the corpus pries.py

G1 the arrival path metric [(partial)]
cor:carter (character distance from a claim to its supporting links (SUPERSEDED)). Computes:
measures distance, which G2 showed is the wrong quantity; kept stating its own supersession
Bound: NOT-A-PAPER-CLAIM — discharges L-220; SUPERSEDED IN PART by G2 Run:
python3 receipts/RP 34 gr/G1 the arrival path metric.py

G2 the blind run [OK]
sec:pd (run blind, the distance metric is wrong about five of six proofless results). Com-
putes: enumerates all 16 labelled results in P8/P9; seven justify in-body; cor:carter already
repaired (8) Bound: NOT-A-PAPER-CLAIM — discharges L-220 correction Run: python3

receipts/RP 34 gr/G2 the blind run.py

G3 the axis names two orderings [OK]
sec:range (the structural axis is the horizon/symmetry one, defined three times in the same paper).
Computes: asserts the three defining passages; Iˆ3-27Jˆ2=0 identically for SdS; Nariai at Lambda
Mˆ2=1/9 (13) Bound: NOT-A-PAPER-CLAIM — discharges L-204 probe G3 Run: python3

receipts/RP 34 gr/G3 the axis names two orderings.py

I1 the general case is stated and exhibited in one class [OK]
cor:wall (L-174s ungated half narrowed: P9 STATES the general case is ordinary GR at the
wall and L-207 EXHIBITS it in one class, so what is unbuilt is the exhibition beyond spherical
symmetry). Computes: asserts P9s handoff passage at source, the rows own downgrade of what is
owed, and that nothing here builds it (13 checks) Bound: NOT-A-PAPER-CLAIM — narrows the
longest-unworked row; not discharged Run: python3 receipts/L174 general matter dynamics/I1 the general case is stated and exhibited in one class.py

I4 the shear selection exists and is vacuum bound [OK]
sec:petrov (the corpus DOES select among shears — the shift-shear link via Goldberg-Sachs —
and the selection is a VACUUM theorem, so it cannot reach the stratum where matter is dy-
namical). Computes: asserts the shift-shear passage, both statements of the vacuum hypothesis,
and the walls matter clause, against r2504s own too-strong wording (14 checks) Bound: NOT-A-
PAPER-CLAIM — corrects and sharpens this lines own dark-region statement Run: python3

receipts/L174 general matter dynamics/I4 the shear selection exists and is vacuum bound.py

I5 two not five and the constraint was in my own receipt [OK]
cor:radiation (the unworked stratum has TWO free shear components not five — the momen-
tum constraint fixes three under the York split — and P9 already names the two as the gravi-
tons polarizations). Computes: counts the York split, asserts cor:radiations naming sentence at
source, and asserts that I3 printed the selecting constraint before denying it (11 checks) Bound:
NOT-A-PAPER-CLAIM — verifies c54.198 and withdraws this lines own count Run: python3

receipts/L174 general matter dynamics/I5 two not five and the constraint was in my own receipt.py

I7 the free shear is two not five and the corpus already names the two [OK]
sec:reach, cor:wall (**‘L-174‘’s UNWORKED STRATUM HAS TWO FREE SHEAR COM-
PONENTS, NOT FIVE — THE MOMENTUM CONSTRAINT OWNS THREE, AND P9 AL-
READY NAMES THE REMAINING TWO AS THE GRAVITON’S POLARIZATIONS.** Lead
‘L-510‘; VEINS ‘L-165‘, ‘L-175‘. **PART 1** r2504’s ADM identity re-derived on a **general**
3-metric and general symmetric K— $Kˆ2-K {ij}Kˆ{ij}=\{}tfrac23\{}thetaˆ2-\{}sigmaˆ2$ iden-
tically, so ”the energy and momentum are the shear” uses no symmetry and that purchase stands
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untouched. **PART 2 THE YORK SPLIT:** $\{}sigma {ij}=\{}sigmaˆ{TT} {ij}+(LW) {ij}$
is orthogonal and unique; $Dˆj\{}sigmaˆ{TT} {ij}\{}equiv0$, so the trace-free momentum con-
straint is an elliptic equation for $W$ **alone**. Verified at five wavevectors: longitudinal rank
**3**, TT dimension **2**, blocks orthogonal, $3+2=5$. ⇒ ***‘I3‘’s ”five-dimensional space ...
nothing selecting among them” counts the space BEFORE the constraint ‘I3‘ itself writes down
four lines earlier.*** **PART 3** P9’s own words matched in ‘range paper.tex‘ — ”the graviton’s
**two** propagating polarizations are exactly the transverse degrees of freedom a sweep cannot
carry”, the wall as their **onset**. **PART 4 THE GOWDY CONTROL:** at a pinned propa-
gation direction the TT space is exactly plus/cross, so a **polarized** leaf is **1 of 2**, not 1 of 5.
⇒ **The dark interior is therefore not WHICH of five but HOW THE TRANSVERSE 2-PLANE
TURNS over the leaf — P9’s own sentence.**). Computes: the ADM identity asserted on a general
metric — **if it failed the correction would be to ‘I3‘’s premise, not its count**; the York split
asserted (rank 3, TT 2, orthogonal, spanning 5) at **five** wavevectors, one being a coincidence;
**P9’s wording asserted present in the .tex — without which this file would be importing stan-
dard GR into a corpus claim, the one thing it must not do**; and the plus/cross pair asserted at
a pinned direction, which is what makes ”1 of 2” concrete and keeps $\{}sigmaˆ{TT}=0$ from
being misread as the wall Bound: **scope: a NARROWING and not a closure (‘THE METHOD‘
§IV). No beyond-wall solution is exhibited and none is claimed; ‘I3‘’s own disclaimer is carried
forward unchanged. The correction is to a count, not to r2504’s reframing, which stands. And
one over-reading is blocked by its own control: $\{}sigmaˆ{TT}=0$ is NOT the wall — an
unpolarized Gowdy leaf has two Killing vectors and both TT components.** Run: python3

receipts/L174 general matter dynamics/I7 the free shear is two not five and the corpus already names the two.py

I6 two objects one word the optical shear is not the ADM shear [OK]
sec:petrov (**r2505’s SHEAR-SELECTION PRINCIPLE IS TRUE AND IT CONSTRAINS A
DIFFERENT TENSOR — TWO OBJECTS, ONE WORD.** Lead ‘L-511‘; VEINS ‘L-165‘, ‘L-
175‘. **PART 1** ‘I3‘’s $\{}sigma {ij}$ is the trace-free **extrinsic curvature** of a spatial leaf
— five real components, belonging to a **foliation**; Goldberg–Sachs governs the **Newman–
Penrose optical shear** of a null geodesic congruence — one complex scalar, two real, and an
**invariant**. **PART 2 ONE SPACETIME SETTLES IT:** Schwarzschild is Type D, so its
repeated PNDs are shear-free in every slicing; static slices give $\{}sigma {ij}=0$ and **Painlevé–
Gullstrand slices give $\{}sigma {ij}\{}sigmaˆ{ij}=3M/rˆ{3}$**. ⇒ ***Same geometry, same
type, same optical shear — the ADM shear is foliation-dependent, so no theorem about the ge-
ometry can fix it.*** **PART 3 AND THE SYNTHESIS:** the entire PG shear is exactly a
York longitudinal piece, $W r=-\{}sqrt{2M}/(2\{}sqrt r)$, so **$\{}sigmaˆ{TT}=0$ in both**
— the three components the momentum constraint owns carry the foliation and the two it leaves
carry the geometry. **PART 4** four source checks against ‘I3‘, ‘I4‘ and P9. ⇒ **Both find-
ings stand; what does not stand is reading either as an answer to the other.**). Computes: the
two counts (5 against 2) asserted, since the whole distinction is that these are different objects;
**the PG shear scalar asserted NONZERO and pinned at $3M/rˆ{3}$ — this is the demon-
stration, one spacetime and two answers**; the residual $\{}sigma-(LW)$ asserted zero across
all nine components, which is the synthesis half and without which this only separates the find-
ings; the York split re-checked standalone; and **four source checks — if P9’s principle were not
stated over a null congruence, or ‘I3‘’s $\{}sigma$ not the extrinsic curvature’s trace-free part,
the whole reading would be mine rather than the corpus’s** Bound: **scope: NOT claimed
that r2505 erred — its vacuum-hypothesis finding is correct, is the valuable half, and is un-
touched. Not claimed the two shears are unrelated: a leaf-adapted congruence’s optical shear
contains a projection of $\{}sigma {ij}$ plus derivative terms. This is the corpus’s named fail-
ure class for the third time this month — branch-point/seam (c54.197), r2494’s four objects,
now two shears. A vein’s DARK half is where a local negative gets globalised; it is equally
where a global theorem gets localised onto whatever wears the same name.** Run: python3

receipts/L174 general matter dynamics/I6 two objects one word the optical shear is not the ADM shear.py

I8 no sweep reaches the stratum and the theorem says so [OK]
thm:bound (NO sweep-subgroup reaches the unworked stratum — the theorem quantifies over
every subgroup H, and composing sweeps moves further INSIDE the reducible sector, not toward
the wall). Computes: asserts thm:bounds quantifier and one-line proof at source, cor:radiations ex-
clusion, P3s three hinges, and cor:walls handoff (13 checks) Bound: NOT-A-PAPER-CLAIM— re-
states what L-174 (1) actually owes Run: python3 receipts/L174 general matter dynamics/I8 no sweep reaches the stratum and the theorem says so.py
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I9 the stratum evolves by ordinary GR at linear order [OK]
cor:wall (the exhibition at linear order: data with sigmaˆTT nonzero evolves by ordinary GR on
the de Sitter leaf in closed form, with the momentum constraint CONSERVED and the count of two
arriving from the evolution). Computes: solves the conformal-time mode equation exactly, asserts
both polarisation tensors trace-free transverse and constant, and asserts cor:walls handoff at source
(11 checks) Bound: NOT-A-PAPER-CLAIM — closes L-174 (1) at linear order; nonlinear remains
Run: python3 receipts/L174 general matter dynamics/I9 the stratum evolves by ordinary GR at linear order.py

P1 the petrov interval is complete because the substrate is doubly ruled [OK]
sec:petrov (the ranges every-algebraic-type claim is CORRECT and the reason is that the substrate
is DOUBLY RULED — a cut inherits both rulings (Type D) or neither (Type I), never exactly one,
and II/III are the exactly-one cases). Computes: asserts P9s claim and its named range, that Type
II/III appear zero times, P0s doubly-ruled statement, and that doubly-ruled appears zero times
in P9 (18 checks) Bound: NOT-A-PAPER-CLAIM — supplies a missing completeness argument,
routed Run: python3 receipts/L204 physics reach/P1 the petrov interval is complete because the substrate is doubly ruled.py

P9R9 P09 the wall is not the loss of symmetry [OK]
cor:wall / cor:radiation / thm:range · sec:chirality (**THE RANGE’S BOUNDARY IS NOT THE
LOSS OF CONTINUOUS SYMMETRY, AND THE PAPER’S OWN BEYOND-THE-WALL EX-
EMPLAR IS THE WITNESS.** ** THE TYPE-N PLANE WAVE HAS FIVE KILLING VEC-
TORS AND IS VACUUM ** – more continuous symmetry than Schwarzschild’s four, and no
matter at all – so BOTH readings cor:wall gives of the boundary are falsified by the geometry
cor:radiation sends beyond it. DERIVED HERE: (1) for dsˆ2 = 2 du dv + H duˆ2 + dxˆ2 +
dyˆ2 the ansatz xi f = fˆa(u) d a - (fdot.x) d v is Killing **iff fdd = A f, A = [[h+,hx],[hx,-
h+]]**, every other component of Lie xi g vanishing identically – a 4-dim solution space plus
d v = FIVE, checked on a TURNING (chiral) profile with Ricci = 0; (2) **[xi f, xi g] = W(f,g)
d v with dW/du = 0 on shell -¿ the algebra is the 5-dim HEISENBERG algebra**, derived al-
gebra the 1-dim centre; (3) **the orbits are 3-dim and NULL** (no Killing vector has a d u
component; g(d v,d v) = 0); (4) **so(5,1)’s unipotent radical is ABELIAN** (K i = M 0i +
M 5i commute pairwise, Kˆ3 = 0), so no Heisenberg algebra of unipotent isometries embeds –
the wave’s FULL algebra is not a sweep; (5) **but its abelian Rˆ3 subalgebras DO embed**,
so the plane wave SATISFIES thm:bound/thm:range’s stated condition while cor:radiation places
it beyond the wall – **read literally the two are inconsistent**; (6) **the repair is thm:bound’s
OWN second clause**: the boundary is the loss of a symmetry whose ORBITS CAN CARRY A
LEAF, the two criteria coinciding across every class the paper fills and coming apart exactly on
the null orbits; (7) **and the chirality consequence runs in the construction’s favour**: on the
Gowdy form d x, d y are Killing and spacelike and the reflection x -¿ -x is an isometry iff g xy
= 0, i.e. iff POLARIZED – so the unpolarized turning wave is chiral and lies IN the reachable
sector by P9’s own ground. **Gravitational chirality is achieved INSIDE the range.** [borrowed
from P9 / P11]). Computes: the Killing condition derived symbolically and reduced to the os-
cillator system; Ricci asserted zero on the turning profile; the Wronskian asserted constant on
shell; the orbit asserted null; so(5,1) asserted 15-dimensional with the four K i asserted pairwise-
commuting and nilpotent; and the Gowdy reflection condition asserted equivalent to Q = 0 Bound:
** THIS CHANGES A CHARACTERISATION, NOT A RESULT. ** No reachable class, filling,
or vacuum kernel moves; the Z 2 identification (graviton helicity and fermion gammaˆ5 as one
orientation parity) is P11’s and is untouched. **And the first chiral member of the range is
NAMED, not built** – the cut constructed exactly is the polarized, achiral one Run: python3

receipts/P09 range paper/P09 the wall is not the loss of symmetry.py
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Appendix L The Knowledge Ledgers

Each claim marked L in the text rests on a field bake or the figure–theorem bake recorded in the named
ledger, which ships with this work and carries the probes, the receipts, and the three registers kept apart
— what bit, what bounced, and where the boundary is. A ledger is working apparatus, not a publication,
and is cited here rather than in the bibliography. This appendix is generated from the ledger index, not
maintained by hand.

L20 VARIATIONAL LEDGER.md [field bake]
variational / action against CR — the field the corpus uses and never names

L14 INTEGRABLE SYSTEMS LEDGER.md [field bake]
The integrable-systems field-bake ledger — what bit, what bounced, and where the boundary is
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