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Abstract

General relativity’s hypersurface-deformation algebra carries structure functions: the
coefficient in the normal-normal bracket is the inverse spatial metric, a field rather than a
constant, and that is what makes the canonical generator of normal deformation a constraint
to be solved rather than a Hamiltonian that evolves. The algebra is therefore a Lie algebroid
and not a Lie algebra—a fact standardly recognized as the obstruction at the heart of the
problem of time.

An action Lie algebroid is a Lie algebra acting on a base manifold, with an anchor
sending algebra elements to vector fields on the base and structure functions varying over it.
General relativity’s constraint algebra has the structure functions but has never been given
the base they vary over, nor a section selecting a definite flow. This paper supplies both,
from the geometry of Cosmological Relativity: the base is the space of cuts of a de Sitter
substrate, the acting algebra is the substrate’s isometry algebra so(5,1), the anchor is the
slicing operator’s cut-to-stress-energy map, and the section is the cosmic clock that turns
the constraint into a true Hamiltonian. The claim is a recognition rather than an addition.

The bracket closes, and the shape that makes the Dirac algebra puzzling is the shape of
a symmetric-space coset. At the symmetric cut so(5,1) = h & m with h = s0(4,1) the cut-
fixing isotropy, and the symmetric-space relation [m, m| C h holds—two normal deformations
bracketing into a tangential one is two coset directions bracketing into the isotropy. They
are the same grading, term for term. The grading is also the lapse—shift split the cosmology
computes on, so that reading is not a separate posit.

The structure function is identified with the coset metric, and what makes that more than
dimensional bookkeeping is the signature: the indefinite sign is supplied by the substrate’s
own geometry rather than inserted.

As the cut moves off the symmetric vacuum the isotropy drops, and its strata are the
range paper’s Petrov classes. Read as a count of first integrals, the stratification says where
the construction’s hidden symmetry is needed and where it is not. The discrete skeleton
at those strata is the substrate’s own Weyl group: both factors of Aut(As) = S5 X Zy =
Dg are realized geometrically, the S3 permuting the three horizon roots and the Zs the
central inversion that swaps the substrate’s two null rulings—so the double-ruling swap, the
orientation parity, the diagram automorphism and the graviton’s chirality are one and the
same Zso.

The verification is on the symmetry-reducible sector throughout, and we are explicit about
it: s0(5,1) is finite-dimensional, the full Dirac algebra is not, and what is established is the
finite reduction rather than a claim about the entire infinite-dimensional algebra. The
algebroid hands off at the wall to the propagating sector, which is the companion dynamics
paper’s subject.



1 Introduction: an algebroid without a base

In the canonical formulation of general relativity, deformations of a spatial hypersurface generate
an algebra [14, 13, [I5]—an algebra whose content, and not only whose form, bears on what
follows, since Teitelboim’s reading of it is that the brackets are the embeddability condition for
the hypersurface in a spacetime, and Hojman, Kuchai and Teitelboim show that requiring a
canonical representation of them on (g;j, 7) alone recovers the Einstein Hamiltonian [16]. That
forcing is dimension-dependent: the same algebra closes for the Lovelock theories [17], which
coincide with general relativity only in four dimensions. So the leaf being four-dimensional
is doing work here rather than merely being the case, and it is a different point from the one
the dimension result guards—that the cut’s dimension says nothing about the substrate’s. We
record the connection and claim no more than it: this paper’s algebroid is a recognition of the
structure the brackets already have, not a derivation of the field equations [6]. Written out,
with H, the normal (Hamiltonian) constraint and H, the tangential (momentum) constraint,
smeared with lapse and shift, the brackets read:

{Ha[Na]va[Mb]} :/Ha“NvM]a]? (1)
{Ha N, H o [M]} = H 1 [NO,M], (2)
{H L[N, H o [M]} = Ho[h(N O,M — M 9,N)]. (3)

The last bracket is the decisive one. Its coefficient h? is the inverse spatial metric—a field on
the hypersurface, not a constant. The hypersurface-deformation algebra is therefore not a Lie
algebra but a Lie algebroid [24]: the brackets carry structure functions, and the failure of those
functions to be constant is exactly what makes the canonical generator of normal deformation
a constraint to be solved rather than a Hamiltonian that evolves [18, [19, 20]. This structure-
function feature is standardly recognized as the obstruction at the heart of the problem of
time.

An action Lie algebroid is a Lie algebra acting on a base manifold, with an anchor mapping
algebra elements to vector fields on the base and structure functions varying over it. General
relativity’s constraint algebra has the structure-functions but has never been given the base
they vary over, nor a section of the bundle that would select a definite flow. This paper
supplies both, from the geometry of Cosmological Relativity. The base is the space of cuts of
a de Sitter substrate; the acting algebra is the substrate’s isometry so(5, 1); the anchor is the
slicing operator’s cut-to-stress-energy map [5]; and the section is the cosmic clock that turns
the constraint into a true Hamiltonian [8]. The claim is a recognition, not an addition: the
algebroid was already there, in GR’s own constraint algebra, waiting for the base.

We verify the construction’s defining identities on the symmetry-reducible sector—the cuts
a substrate isometry can reach, which is exactly the range of the slicing construction [6]—and
we are explicit, throughout and in Section [§ that this is where the verification lives: so(5,1) is
finite-dimensional, the full Dirac algebra is not, and the closure is the finite, symmetry-reducible
reduction, not a claim about the entire infinite-dimensional algebra.

2 The substrate, the base, and the two operations

The substrate is a single five-dimensional de Sitter manifold dSs, a hyperboloid in the flat
ambient M, with isometry s0(5,1); the four-dimensional geometries of the symmetric sector are
generated as cuts of it [0, 3]. (The dimension is bounded below here and pinned elsewhere, and
the two should not be run together. The construction generates many distinct four-geometries
from one substrate, and slicing a four-dimensional de Sitter space only re-coordinatizes it—
which excludes dS4 and yields D > 5, a lower bound and not an equality. No upper bound is
established anywhere in this framework. The companion’s ontological commitments fix only the



existent—a one-parameter family of three-dimensional layers, the sole dimensional statement
in any of its axioms—and require of the representation only that it admit them as spacelike
hypersurfaces, so that dim M > 4 with the projection explicitly non-unique [7]; the empirical
forcing is of the foliation, likewise a floor [9]. dSj is accordingly the minimal substrate sufficient
for the symmetry-reducible sector built here—a modelling economy, not a derived maximum—
and the polar structure does not close the gap either: the polar of a spacelike substrate point
is dSp_1 in every dimension [12], which relates the rungs without capping themm

Nor can least-arbitrariness close it: it prefers the structure requiring no choice of how to
break a symmetry, and dSp is maximally symmetric and moduli-free for every D, so it selects
the manifold at fized dimension and is silent on the dimension itself [10]. Reading dSs as a
ceiling would set a feature by hand, which Rule 3 counts as mazximally arbitrary rather than
least. And the absence of an upper bound has a positive reason, which is stronger than the
absence and which the criterion supplies rather than fails to supplyﬁ Suppose the descent to
the cut ran in more than one step. Each intermediate rung is itself the substrate for the steps
below it, so Rule 2 applies to it in its own right: a rung that were not maximally symmetric
would carry a choice of how to break its symmetry, which is a modulus in the excluding sense.

So every rung above the last must be maximally symmetric—and on this substrate a section
carries mass exactly when it is not a plane section [I2], so every step above the last is a
plane section. A plane section {X : n(n,X) = c} of a dSp of radius « returns dSp_; of
radius v a2 — ¢2 for every admissible n, the normal being gauge because the isometry group is
transitive on unit spacelike normals. So a step above the last changes the scale and nothing else:
the entire tower enters the four-geometry through the single combination that is its «, and « is
the one input this framework does not derive. The consequence is neither of the two the question
anticipated. Rule 2 does not forbid a second step and does not force one: it empties it. Such
a step introduces no modulus in the excluding sense—its normal is gauge, its offset re-enters
an input already present, and where the descent starts is a dimension, on which the criterion
is silent by the argument just given—and it introduces no content either, the cut fixing « from
A and 7y from the mass and being blind to everything above. So the dimension is unbounded
above because nothing below can see the difference, which turns the missing ceiling from a gap
in the argument into a property of the descent, and makes the discipline of arguing from the
cut to the dynamics and never from the cut to the substrate a consequence rather than a rule
of conduct. One thing s settled, and it is a different object: the cut’s dimension. The matter
sector shows that the horizon relation collapses to a single multiple-angle in the sky angle only
at four and five spacetime dimensions, and that the mass-parity grading chirality exists only in
even dimension, so a four-dimensional cut is the only one carrying both a generation count and
a handedness [3, 22]. That settles the geometry the slicing operator delivers, not the substrate
it is delivered from; the grading below is accordingly the last step of any descent ending at a
four-geometry, and constrains the rung immediately above spacetime rather than the top of the
ladder.) Crucially, dSs is a symmetric space [25],

dSs = SO(5,1)/S0(4, 1), (4)

and this is the structural fact the whole construction turns on. At a maximally symmetric
(vacuum) cut, the subalgebra of so(5,1) fixing the leaf is h = s0(4, 1) (ten-dimensional), and
the cut-deforming directions are the coset m (five-dimensional, the normal carrying one leaf to
the next): so(5,1) =h S m.

The base C is the space of cuts. A cut is fixed by an orientation datum—how the slicing
curve is aimed into the geometry (the reticle orientation ro, with the mass a determined function
of it, not a free parameter) [3]—together with a causal-vantage datum. Two distinct operations
move between geometries, split on what they do to dimension: slicing, codimension-one and
dimension-reducing, which is the operation that forces the substrate up to five dimensions and
which the continuous so(5,1) x C structure realizes; and reassignment, dimension-preserving



and discrete, which holds one background geometry fixed and involutes the causal roles of the
generating null ruling (the Null-Boundary Correspondence, the f > 0 hole / f < 0 cosmos) [7].
The continuous algebroid is the slicing structure; reassignment is a distinct discrete operation

(Section [6]).

3 The anchor

The anchor maps an infinitesimal cut-deformation to the stress-energy it produces—the slicing
operator made infinitesimal. Its four sectors are the ADM data of the cut, read as functions of
the cut [5] [6]:

e energy (the leaf): matter is the leaf’s intrinsic-curvature departure from the round sub-
strate leaf—the Hamiltonian constraint 167p = 3R+ K2 - KK 4 —2A, vacuum the round
S3 (3R = 2A), spherically p = m’/4mr?. That the anchor reads as an intrinsic statement
is worth a word, since the constraint carries the extrinsic K;; as well: on the static, spher-
ically symmetric cuts this sector is built from, the extrinsic curvature vanishes identically,
so the K-terms are absent by the gauge rather than dropped by hand, and the departure
from the round leaf is the whole of i@

e momentum (the shift): the shift enters the tangential constraint through K;; = 7k (D;N;+
D;Nj), so the momentum j; is the bend in the shift—a clean functional of the shift alone
(on a fixed leaf-and-lapse background), separating cleanly, giving the spherical frame-drag
w = Cy+2J/r® with J = Ma/=?

e stress (the lapse): the lapse split, fixing the equation of state (A = f = p, = —p);
e signature (the vantage): the causal orientation, the discrete datum.

The four close as one functional of the cut on the spherical class; the general-cut functionals
and the dimensional restriction are part of the open scope (Section .

4 The bracket closes: the symmetric-space grading is the Dirac
algebra

The defining test of the action algebroid is whether the cut-deformation bracket closes and the
anchor is a homomorphism into the Dirac algebra. On the symmetric space it does, by the
symmetric-space property.

The grading has a name in the literature, and naming it costs nothing and buys a great deal.
For a homogeneous space the action algebroid of G on G/H is the Atiyah algebroid of the
principal bundle G — G/H, so with dS5 = SO(5,1)/50(4,1) the sequence

anchor

0 — b — so0(b,1) xC ¢ — 0 (5)

is exact, with b the kernel of the anchor—the adjoint bundle, ten-dimensional—and m its image,
the five dimensions of the base, closing at 10 + 5 = 15 = dimso(5,1). All three of the direct
sum, the dimension count and [m,m] C b are verified on explicit matrices, and with them the
exactness of the sequence at every termlm And a splitting of that sequence is what a
connection is—so the section supplied below to select a definite flow is a connection in the
standard sense rather than an object peculiar to this construction.

Proposition 1. At the symmetric cut, with so(5,1) =bh @ m, h = so0(4,1), the three inclusions

[h,b] C b, [h,m] Cm, [m,m| C b



all hold; m is not a subalgebra (e.g. [Mos, My5] = —Mm[m_RTL the sign the substrate curvature).
Under the identification m < H,, h < H,, these are the hypersurface-deformation brackets
term for term:

mm]Ch < {Hi, Hi}~He, [bomlCm & {Ho,Hi}~He, [b,b]Ch < {Ha He} ~ He.

The content of Proposition[I]is that the algebraic shape that makes the Dirac algebra puzzling—
two normal deformations bracketing into a tangential one—is exactly the shape of a symmetric-
space coset: two coset directions bracketing into the isotropy. They are the same grading.

This grading is also the algebraic form of the split the cosmology computes on. The normal
generator H | <> m is smeared by the lapse—the metrical rate of the layer’s advance, the exis-
tent’s own foliation stacking rate—and the tangential H, <+ h by the shift, the synchronization
convention through which that advance is coordinated and observed [0, [§]. So the cosmological
reading in which the observable expansion rides the foliation rate (set by the geometry, the
density its content) while a chosen synchronization projects it to distance and redshift is not
a separate posit: it is this m/h grading, read on the preferred foliation, with the leaf’s bend
the matter the operator reads as the cut’s departure from vacuum [5, 23]. The “wrong sign”
that is the problem of time and the geometric stacking rate that dissolves the Hubble tension
are thus two faces of one object—the substrate’s coset metric read, respectively, across the base
and along the preferred foliation.

The structure function is the substrate’s metric. The coefficient A% in —the struc-
ture function that makes the algebra an algebroid and is the canonical root of the problem of
time—is, on the symmetry-reducible reduction, identified with the coset metric of the symmet-
ric space. This is not a naive tensor equality: h% is the Riemannian inverse spatial 3-metric,
whereas the coset metric of SO(5,1)/S0(4,1) is the Lorentzian 5-dimensional form (the Killing
form on the coset is o diag(+,—,—, —, —), signature (1,4); the identification is of the
reduced structure function on the symmetric-cut pattern with that coset form. What makes
it more than dimensional bookkeeping is the signature: the indefinite, Lorentzian sign carried
by the coset metric—supplied by the substrate’s geometry, not inserted by hand—is the same
indefiniteness standardly recognized as the “wrong sign” at the heart of the problem of time. At
the symmetric cut the structure function is constant, so so(5,1) is there a genuine Lie algebra;
as the cut moves over C it varies, so the object is a genuine Lie algebroid. The problem-of-time
obstruction is thus identified with a single geometric fact: the base-dependence of the sub-
strate’s symmetric-space metric, whose Lorentzian signature is the obstruction’s own. Read on
the substrate’s preferred foliation, that same content deparametrizes to a true Hamiltonian [g];
the obstruction and its resolution are one object under the static and dynamic vantages.

5 The isotropy stratification and the metric-singular seams

As the cut moves off the symmetric vacuum, the cut-fixing isotropy drops, and its strata are
the range/Petrov classes of the construction [6]: Type O (de Sitter, isotropy s0(4, 1), dimension
ten), Type D (Schwarzschild-de Sitter Ry x SO(3), dimension four; Kerr-de Sitter, dimension
two), Type I (Bianchi, dimension three; Zipoy—Voorhees, dimension two), and the wall (Type N,
isotropy zero). Read as a count of first integrals the stratification says where the construction’s
hidden symmetry is needed and where it is not. A Killing vector contributes one linear integral
of the geodesic flow and the isometry algebra’s Casimir a quadratic one built from those same
vectors, so against the four integrals in involution that a four-dimensional geodesic flow requires:
Type D Schwarzschild-de Sitter, isotropy four, supplies the norm together with F, L? and L,
and is integrable on its Killing vectors alone; Kerr—de Sitter, isotropy two, supplies only the
norm, F and L, and is short by one. That deficit is exactly what the range paper’s Killing tensor
makes up [6]—so the drop in isotropy dimension across this stratum is the precise place at which



a hidden symmetry stops being a redundancy and becomes a requiremen@ Proposition
pins the base-variation only at the symmetric cut; computing it across these strata sharpens
the picture. The so(5, 1)-action on C is non-transitive: on the Schwarzschild-de Sitter family
the diffeomorphism invariant Rap.qR®? = 48M? /1% +24/a* separates different-mass cuts while
the scalar curvature 3R = 2A does nom so cuts of different mass are non-isometric and no
substrate isometry connects them—the mass is a modulus transverse to the orbits (folding at the
Nariai seam, where the offset-to-mass map of Sectionis stationary). The qualifier is connected:
no connected substrate isometry connects different-mass cuts, but an orientation-reversing one
does.

The reticle reflection rg — —rp—the reversal of the slicing aim on the observer’s celestial
sphere—is a substrate isometry lying in O(5,1)\SOq(5, 1), and since 2M = ro—73 is odd it sends
2M — —2M, carrying the +M cut to the —M cut across exactly the SOg-orbits the connected
action cannot cross. It realizes the mass-reflection Zo—the Ao diagram automorphism that
adjoins the Weyl group [4]—as the substrate’s own orientation parity O(5,1)/SOg(5,1).

The non-isometry of the +M (black-hole) and —M (naked) Lorentzian charts is then a
property of the representational record, not of the existent: the substrate is symmetric under
the reflection, the evolving layer it carries is what exists, and the charts are its shadow—granting
them the standing of distinct existents is the category error the cosmological ontology dissolves—
the “events exist” horn the foundational augmentation closes [9} 8, 2]. This single orientation
Zo recurs beyond the symmetric sector: in the radiating sector as the graviton’s two helicities,
and past the wall as the un-undoable chirality of the turning polarization plane [6l [I1]—one
parity threading the symmetric and radiative faces of the construction.

Testing the symmetric-space grading [m, m] C b stratum by stratum, it survives at exactly
two: Type O (h = s0(4, 1), the symmetric space SO(5,1)/SO(4,1) itself) and Nariai (SO(2,1) x
SO(3), the block-diagonal Grassmannian pair). The stratification has invariants of its own, and
two are worth recording. First, orbit dimension: since dimso(5,1) = 15, the orbit through
a cut has dimension 15 — dimb, so the two symmetric strata carry orbits of dimension five
and nine against a generic eleven and a principal fifteen where the isotropy is trivia@
The most symmetric cut has the smallest orbit, which places pure de Sitter at the degenerate
end of the filtration rather than in its interior, and the ordering 10 > 6 >4 >3 > 2 > 0
runs from there to the wall—the same axis the range paper traverses from the Nariai seam
outward, ordered there by algebraic type and here by isotropy, the two orderings agreeing at
the ends that paper names [6]. Second, and stated as a question rather than a result: the
admissible symmetric-pair dimensions are {6,7,10}, and the construction occupies six and ten.
The dimension seven, realised by so(4) @ so(1,1) and by s0(3,1) @ s0(2), is not occupied, and
the reason is the range paper’s own bound rather than an omission of the survey. That bound is
sharper than membership in so0(5,1): a swept geometry inherits a subgroup of so(4,1) [6], and
neither dimension-seven pair embeds there. so(4)@so(1, 1) cannot, because so(4) already rotates
all four spacelike directions and a boost on any of them fails to commute with those rotations;
50(3,1) @ s0(2) cannot, because s0(3, 1) leaves one spacelike direction free and a rotation needs
tw@ So the count {6,7,10} is a fact about the algebra and the two occupied strata are a
fact about the reachable class, and the third dimension is excluded by the sweep rather than left
untested. At every generic stratum—Schwarzschild-de Sitter R; x SO(3), Kerr-de Sitter, the
Type-I classes, the wall—the pair is non-symmetric and [m, m] acquires a component in m: that
leak is the algebroid connection, the genuine base-variation of the structure function, vanishing
exactly at the two symmetric strata. The isotropy dimensions are the Killing-vector counts the
construction establishes [6], and the triple itself is a fact about so(5, 1) rather than about any
stratum: its symmetric decompositions are so(5) and s0(4,1) at ten, so(1,1) @ so(4) at seven,
and so0(2,1) @so(3) at six, and the verdict is independent of the choice of generator realization:
the symmetric-pair isotropy dimensions of so(5,1) are {6,7,10}, so the two symmetric strata
sit at the only admissible dimensions and are the geometry-fixed pairs (SO(4,1) at ten, the



SO(2,1) x SO(3) Grassmannian at six), while every generic stratum (dimensions four, three,
two, zero) is non-symmetric by dimension alone.

The strata boundaries—where the isotropy jumps—meet the corpus’s metric-singular seams
at the inner end and part from them at the outer end. At the inner end, the Schwarzschild—de
Sitter horizon cubic 73 — a?r + 2Ma? has discriminant —4a*(27M? — o?), which vanishes at
AM? = 1/9: the double root ry = 1/+/A, the Nariai seam, where the geometry is dSs x S? (both
factors constant-curvature) and the isotropy jumps from four to six. The isotropy-jump locus
s the metric-degenerate locus there. This Nariai double root is the member the cosmogenesis
selects [23]—not its branch point, which is at » = 0, a lap away on that same member. It is the
stratum boundary at which collapse re-founds as cosmology, and across which—the reassignment
fixing the A-set rate on the leaf-carried density—the light-element abundances are inherited and
produced. At the outer end they diverge: the wall is isotropy zero, Type N—and not a metric
singularity. A metric singularity in the sense of [2] is a collapse of the metric’s measure—a null
hypersurface along whose generators the spatial extent contracts to zero, so that null-separated,
spatially coincident events have vanishing proper interval (a Killing horizon being the worked
sufficient case, not the definition). The wall, a Type-N plane wave, has a non-degenerate metric
(no such measure-collapse, so not the finite-curvature species) and vanishing curvature invariants
(so not the infinite-curvature species); it is neither. The “isotropy zero” that marks it is the
cut-fixing substrate isotropy—which coincides with a geometry’s own isometry on the symmetry-
reducible sector but diverges here, the Type-N geometry retaining its own large isometry—so
the wall is no metric singularity by the measure criterion, not for want of a Killing field. It
is a regular radiative boundary, the construction’s generative boundary, where generation-by-
symmetry hands off to ordinary evolution [6]. So “isotropy boundary” and “metric singularity”
coincide at the inner seam (Nariai) but are two species of degeneracy at the wall.

6 The discrete skeleton at the strata

Inside the continuous s0(5, 1) sits a finite discrete skeleton: the S3 = D3 permuting the three
roots of the horizon cubic of Section [l

That cubic 72 —a?r+2Ma? has no quadratic term, so its three roots sum to zero—the A, root
configuration [26]; written in the gauge o = 1 with the mass carried by the reticle orientation
(2M = ro — 13, the determined mass of Section [2)) it reads 3 —r — (r§ — r9) = 0 and factors as
(r —70)(r? + 779 + 1 — 1), the quadratic factor the fundamental ellipse 72 + rro + ¢ = 1 [4, 3].

The discrete operations are distinct (they are different involutions, not one), and each is an-
chored at a stratum, organized by the cubic’s root structure: the Nariai seam is the fixed point
of the root-permutation transposition (two roots collide, the discriminant vanishes); the cosmo-
genesis horizon is the locus of the null<>timelike reassignment [7]; the Riemannian« Lorentzian
seam is the locus of the signature flip. The wall carries no such marker—mno colliding cubic
roots, no degenerating Killing field, no measure-collapse—consistent with its being the purely
continuous boundary. The continuous face is thus the flow through the symmetry-reducible
sector—whose slicing curve, run through the seam and backward through the r = 0 branch
point with the signed areal radius, closes into the single cosmogenetic bead the framework proves
one object [7]; the discrete face is the set of distinct operations marking its special strata. (We
make no claim that these unify into a single discrete action, nor that the A, configuration real-
izes a continuous su(3) isometry. The root structure is the established skeleton; the continuous
realization is a separate question, and on the established five-dimensional substrate it is settled
negatively. The three roots summing to zero furnish a Cartan element of su(3) and the Ss its
Weyl group—the Cartan—Weyl skeleton, a necessary ingredient—but a continuous su(3) isom-
etry would have to embed in the substrate’s rotation group, and SU(3) ¢ SO(5) (its smallest
faithful real representation is six-dimensional, on C? = R%), so no such isometry exists on dSs:
there the As structure is the discrete Weyl(A2) = S3 shadow only. Read on a fermion sector,



this discrete shadow is realized as matter—the three zero-sum weights as a threeness of fermion
content, the orientation Zs as its chirality, so that Dg = S3 X Zs reads as a threeness times two
chiralities: three chiral families forced within CR, built in the matter-sector paper [22]. The two
threes are distinct, and the matter paper proves them affinely inequivalent: these weights carry
the within-state index, while the generations are carried by the turnaround’s deck Zg (ibid.). A
continuous, geometric su(3) would require a six-dimensional substrate (SU(3) C SO(6)), which
the construction permits but does not force—and a structure a framework merely permits, as
against one it requires, is on the programme’s criterion of necessity no explanation but a de-
scription [10]; the resonance is necessary, not sufficient, and silent on the dimension. We assert
neither the continuous su(3) nor the dimensional rise.)

Geometric realization of Aut(Ay) = S3 x Zo. Both factors of the root system’s full auto-
morphism group are realized on the substrate in the pivot-and-ruling frame.

The Weyl factor Ss permutes the three horizon roots, which—the cubic having no quadratic
term—are the three zero-sum weights and sit 120° apart on the throat-image circle of radius
2/+/3: in the sky angle w of [3] they are rj, = % cos(¢ — 2°k), with the reflection w <+ 7/3 —w
about the Nariai crest the order-two generator.

The diagram-automorphism factor Zo is the central inversion rg — —ry of Section the
parity that carries the weight triangle to its negative, completing the As hexad—and it has a
clean geometric form.

The one-sheeted dSs is doubly ruled by null generators [5]—the comoving and synchronous
congruences of the cosmology—and the central inversion exchanges the two families: restricted
to the ruled section, an orientation-reversing isometry swaps the two rulings while an orientation-
preserving one fixes each. Explicitly it is R = diag(1,1,—1,1,1,1) € O(5,1)\ SOy, the reflection
of the cut’s displacement transverse to the symmetry axis (the offset ro = % sinw): one verifies
directly that it is an isometry, has determinant —1 both globally and on the ruled three-block,
swaps the two rulings, and sends rg — —rg hence 2M +— —2M.

This Zs is distinct from the Weyl reflections that generate Ss: those fix 2M and permute the
three horizon roots within a mass level—their realisation on the real roots regime-dependent,
all of S3 under-critically and only the order-two complex conjugation of the conjugate pair
over-critically [4]—while the central inversion sends the whole root triple to its negative and
swaps the two rulings. The two factors thus act on independent structures—the three roots
and the two rulings—and the inversion is central, which is why Aut(As) is the direct product
S3 X Zg = Dg the groupoid paper obtains algebraically [4].

The double-ruling swap, the orientation parity O(5,1)/SOg, the Ay diagram automorphism,
and the graviton chirality of Section [5] are therefore one and the same Zo.

That one Zy carries a further, fermionic face on the substrate’s spin structure: dSs ~ R x S*
is spin with a unique spin structure [27], inherited by the four-dimensional cut, and R—reflecting
the transverse cut-normal (r() direction and so fixing all four spacetime legs—acts on the cut’s
natural spinor as the chirality operator ~° itself, so the orientation parity is the chirality grading,
measuring left against right as it carries the graviton’s helicities [I2]. (Grounded: the parity
measures chirality, the exchange reading excluded by explicit computation. The same Zy grades
mass in both faces—the geometric mass-reflection 2M — —2M above and the R-odd fermion
mass term on a cut spinor—so mass, geometric or fermionic, is its one R-odd datum; the chiral
content this parity would grade is not built here.)

The two factors moreover descend onto any such spinor sector by different kind: the Zo,
being a substrate isometry, acts on the cut spinor as the gauged grading +°; the Weyl S3 is
no substrate isometry—its continuous parent excluded by su(3) ¢ so(5,1) above, and a single
Dirac spinor carrying no three-fold to realise it—so a family symmetry it would grade is global,
not gauged.

The same partition falls out of the substrate’s null structure, and by a route that mentions



neither spinors nor su(3): the sky-angle periodicity 7 is two steps along a null ruling of the
substrate—so it is a closed path of light, and 73 = id is that path closing—whereas the Weyl
reflection o is a loop in the complex 2M-plane about the Nariai point [4], and 2M labels the
family rather than pointing along the manifold.

The rulings walk exactly the isometries and nothing else, which is this paragraph’s different
kind read off the light cone [3,[12]. And the light cone and the throat are one reading, not two:
the substrate’s null rulings are the tangent lines to its waist—“doubly ruled by straight null
lines” and “every tangent to the throat is null” are one statement, the power of a point with
respect to that circle being the square of its height [12]. So “two steps along a null ruling” is
two steps along a tangent to the throat, and the two structures the factors act on are the two
relations a figure can bear to that one circle: the three roots are the three special points on it—
the offset line meets it at A and B, with r = 0 fixed at the back [3]—and the two rulings are the
lines tangent to it. The automorphism group factorises because on and tangent are independent
relations; and the factors differ in kind for the same reason, a tangent being a line of the substrate
while a root labels a different cut. The pivot-and-ruling geometry this section reads the skeleton
off is, in that reading, one circle read two ways. Where those two factors become matter—the
inversion as a bound state’s chirality eigenvalue, the Weyl S5 as a count of three—the reading
is stated on the built sector [22]. Gauged chirality with global flavour is the Standard Model’s
own arrangement, here not assumed but following from which of the two factors is an isometry
and which the Weyl/monodromy symmetry of the solution space [12]. With the pivot supplying
S3 and the ruling swap supplying Zsg, the order-twelve Aut(As) = S3 x Zo—the symmetry group
of the Ao hexad—is realized in full on the substrate, the discrete skeleton read off its pivot-
and-ruling geometry. The slicing paper draws this realisation as a figure [3]: the pivot’s three
vantage-hinges—each designating one root—as an equilateral whose incircle is the throat, and
the ruling structure as a skew hexagon of null generators laced across the substrate’s two horns;
whether that six-hinge figure is the same six-fold as the six-Nariai root hexad is established
in the slicing paper as a resonance, not an identity—the horn-swap (7" : Xy — —Xj) and the
offset parity (R : ro — —r¢) distinct reflections that share the fundamental triple but complete
it distinctly [3].

The three levels of the symmetry structure. The discrete skeleton read off here is the
substrate’s linear face—real reflections acting as isometries on the ruled section. It does not
exhaust the symmetry structure the substrate carries. Composed with the antilinear reality
involution 7 — 7 of the cosmogenetic bead—antilinear and geometric, living in the substrate’s
complex-analytic structure rather than in its isometry group—the orientation parity R yields
charge conjugation’s kinematic (Feynman—Stiickelberg) face, so that charge conjugation fac-
torises, C' = (Q — —Q)fie1d © (R 0 K)geometric With K : 7+ 7, the geometry supplying its whole
kinematic content and only the electric-charge sign closing from the matter field |21} 22]. The
substrate’s symmetry structure is thereby three-levelled—the discrete linear skeleton of this sec-
tion (substrate isometries), the antilinear complex-analytic conjugation face, and the field-level
charge—of which the order-twelve Aut(Ay) = Dg realized here is the first and load-bearing
face, the one the constraint algebroid’s base-and-section reads directly; the geometric factor of
the conjugation is the same cosmogenetic bead the continuous flow closes into, so the discrete
skeleton and the conjugation share the one » = 0 crossing.

7 The discrete structure is the substrate’s own Weyl group

The corpus reads its discrete skeleton off the horizon cubic, whose three roots realise As, giving
Aut(Ag) = S5 X Zg = D¢ of order twelve. That is a sub-root-system of one the substrate already
carries, and the difference is supplied by a holonomy rather than by an assumption.

The residue pairing on functions over the root triple—diagonal, entries 1/f'(r;), signature



(2,1)—has a non-trivial holonomy about the Nariai points [I], the Klein four-group Vj of even
sign changes, whose origin is the per-root resolution of v/A []. Adjoining it to the monodromy
Ss closes a group of order twenty-four; adjoining the orientation parity as well closes one of order
forty—eigh@ Neither is an abstract coincidence of order. Computing the element profile:
the six order-four elements are all improper, none a proper rotation, which is the signature
of the full tetrahedral group Ty and not of the chiral octahedral group; the transpositions
appear as reflections, the Vj as the three proper two-fold rotations, the three-cycles as three-fold
rotation So the group is W(As) in its Weyl embedding, not merely a group isomorphic
to 54.

And As is not a new structure. The substrate’s isometry algebra is so(5, 1), a real form of
50(6,C), whose root system is D3 = As; and As sits inside Az by deleting one node. So the
sector’s discrete group is the Weyl group of the substrate’s own complexified isometry algebra,
and what the corpus had been using is the sub-root-system obtained by reading only the horizon
cubic. The enlargement is therefore not an addition to the construction but a recognition of
what the construction already contains, reached by transporting a form the substrate itself
supplies.

We mark the scope. This concerns the discrete structure alone. It says nothing about a
continuous su(3), which the boundary paper’s obstruction continues to address [2I]; a finite
group, however enlarged, is not a Lie algebra.

8 Scope and what is open

The verification above is, throughout, on the symmetry-reducible sector. We state plainly what
that means and what it leaves.

e Computed: the symmetric-space split and closure at the symmetric cut; the grading match
to the Dirac algebra; so(5, 1) a genuine Lie algebra at the symmetric cut; the stratification
dimensions; the inner (Nariai) metric-singular coincidence and the outer (wall) divergence;
the Nariai root-collision; the non-transitivity of the so(5, 1)-action on C (the mass a trans-
verse modulus); and the per-stratum grading—the symmetric-space relation surviving at
Type O and Nariai only, with the structure-function variation, the algebroid connection,
at every other stratum; and, since the normal-normal structure function is the inverse leaf
metric h®—a momentum-independent tensor field, hence already fixed by the finite-mode
identification—the smeared closure for arbitrary lapses on this sector, the bracket closing
on the full momentum constraint with A% the de Sitter coset metric at the symmetric cut,
its angular part invariant and its radial part carrying the connection off it, so that the
finite-mode homomorphism holds at the smeared, infinite-dimensional level on this sector
as a corollary.

e Beyond the finite pattern (the handoff, not an open closure on this sector): the smeared,
infinite-dimensional homomorphism on the symmetry-reducible sector follows as the corol-
lary above—the structure function being the inverse metric, the finite-mode identification
fixes it for arbitrary lapses.

What lies genuinely beyond the finite-so(5,1) pattern is not a residual bracket-closure
here but the free transverse degrees of freedom past the wall—the propagating gravita-
tional sector—whose nonlinear A > 0 dynamics and future stability are the subject of the
companion dynamics paper [I1], and are grounded there. The algebroid hands off to them
at the wall.

e The sector itself: s0(5,1) is fifteen-dimensional; the full hypersurface-deformation algebra
is infinite-dimensional. The closure is the finite, symmetry-reducible reduction—the cuts
reachable by substrate isometries. The wall (isotropy zero) is the boundary of the action
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algebroid; beyond it the free transverse degrees of freedom take over, and the algebroid
does not claim them.

Within that scope the result stands as a recognition: general relativity’s constraint algebra is
the symmetric-space structure of a de Sitter substrate, an action Lie algebroid whose base is the
space of cuts, whose structure function is the substrate’s own metric, and whose problem-of-time
obstruction is that metric’s base-dependence. This symmetric-space root is, in the geometric
core [12], read as one rung of the substrate’s maximal symmetry: the same exhaustion of
SO(5,1) that there locks the cosmological constants and walls a continuous colour symmetry is
what closes the constraint algebra as the coset grading and dissolves the problem of time. That
the rungs are one fact is a reading advanced there, at that reading’s weight; here the algebroid
rung stands on its own, on the symmetry-reducible sector.
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Appendix R Computational Receipts

Each computation marked R in the text is verified by a runnable receipt in the receipts/ directory that
ships with this work; status OK = verified (traced, run, output matches the claim). This appendix is
generated from the receipt index, not maintained by hand.

P12R1 P12 bracket_closure [OK]
prop:closure (symmetric-space grading so(5,1)=h+m (h=so(4,1)): [h,h]jh, [h,m]jm, [m,m]ih; m
not a subalgebra ([M_05,M_15]=-M_01); = Dirac/hypersurface-deformation algebra). Computes:
so(5,1) generators built; grading checked by basis decomposition; specific bracket; m-not-closed
control Bound: normal x normal -; tangential Run: python3 receipts/P12_algebroid_paper/P12 bracket_clos

P12R2 P12 coset metric [OK]
structure function (the hypersurface-deformation structure function h”{ab} = the coset metric
of SO(5,1)/S0O(4,1): Killing form on m is prop to diag(-1,1,1,1,1), signature (1,4) LORENTZIAN
(the problem-of-time 'wrong sign’)). Computes: Killing form tr(ad ad) from structure constants;
B|m diagonal ~ -8 eta_ab; signature (1,4); opposite-sign control Bound: Lorentzian obstruction
from the substrate Run: python3 receipts/P12_algebroid_paper/P12_coset_metric.py

P12R3 Eil_static_gauge [OK]
— (E1 — WHY DOES A PROGRAMME BUILT ON CUTS CARRY NO EXTRINSIC CUR-
VATURE? BASELINE (checked against r1838, and one hit was my OWN r1908 insertion, ex-
cluded): HAS: foliation x233 - leaf/leaves x325 - lapse x118 - shift x90 - hypersurface x59 - em-
bedding x53 - ADM x25 - induced metric x6 - momentum constraint x5 - totally geodesic x2
HAS NOT: second fundamental form x0 - extrinsic curvature x0 - K_{ab} x0 - Gauss-Codazzi
X...). Computes: runs clean; registered from its own docstring and a live run Bound: descrip-
tion is the receipt’s own wording, condensed; not independently re-derived here Run: python3
receipts/P12_algebroid_paper/El_static_gauge.py

P12R4 EMBEDDING_is_Td_equals_WA3 [OK]
sec:weyl-a3 (Which embedding of S_4 in O(3) is our group? Distinguish by invariants: - rotational
cube group (chiral octahedral, O): all det +1, contains 6 four-fold rotations (order 4, det +1)
- full tetrahedral group T.d: det +-1, order-4 elements are IMPROPER (S_4 rotoreflections,
det -1) W(A_3) acting on the A_3 root space is T_-d. W(B_.3) is the FULL octahedral group
O_h, order 48.). Computes: runs clean; registered from its own docstring and a live run Bound:
description is the receipt’s own wording, condensed; not independently re-derived here Run:
python3 receipts/P12_algebroid paper/EMBEDDING_is_Td_equals_WA3.py

P12R5 GROUP_full_order48 [OK]
sec:weyl-a3 (The corpus records the sector’s discrete group as D_6 = S_3 x Z_2 (family x chirality),
order 12, where the Z_2 is the GLOBAL chirality flip. The holonomy adds V_4 = PAIRWISE flips.

Is the global flip in V_4?7 What do they generate together?). Computes: runs clean; registered from
its own docstring and a live run Bound: description is the receipt’s own wording, condensed; not in-
dependently re-derived here Run: python3 receipts/P12_algebroid_paper/GROUP_full_order48.py

P12R6 K8 orbit_type_filtration [OK]
sec:strata (K8 — THE STRATIFIED GROUPOID’S INVARIANTS. CONFIRMATION 4: the
object is the SO(5,1)-action on the space of cuts C, stratified by orbit type. The standard invariants
of such an action are: the isotropy at each stratum, the orbit dimension (orbit-stabiliser), and
which stratum is PRINCIPAL (smallest isotropy, open and dense). P12 supplies isotropies; the
rest follows and is computed here.). Computes: runs clean; registered from its own docstring and a
live run Bound: description is the receipt’s own wording, condensed; not independently re-derived
here Run: python3 receipts/P12_algebroid_paper/K8_ orbit_type_filtration.py

P12R7 K8b_dim_seven_empty [OK]
sec:strata (K8b — SETTLING THE DIMENSION-SEVEN STRATUM, rather than leaving it
dangling. P9’s necessary bound is the constraint, and it is SHARPER than ’a subgroup of so(5,1)”:
"a geometry swept by H j= SO(4,1) INHERITS H’ — THE SWEEP SUBGROUP LIES IN SO(4,1),
not in the whole of SO(5,1). dim so(4,1) = 10.). Computes: runs clean; registered from its own doc-
string and a live run Bound: description is the receipt’s own wording, condensed; not independently
re-derived here Run: python3 receipts/P12_algebroid_paper/K8b_dim_seven_empty.py
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P12R8 1I13_the_stratification_is_a ledger_of_first_integrals [OK]
sec:strata (113 — THE STRATIFICATION IS A LEDGER OF FIRST INTEGRALS. Integrable-
systems field bake, probe 113. A Killing vector gives one linear first integral and the algebra’s
Casimir a quadratic one built from those same vectors. Against the four integrals in involution a
four-dimensional geodesic flow needs: dS_5 is maximally superintegrable (15 ;= 2*5-1); Type D
SdS supplies norm, E; L."2; L_z and is integrable ON KILLING VECTORS ALONE; Kerr-de Sitter
supplies norm, E, L_z and is SHORT BY EXACTLY ONE, which is what a single Killing tensor
supplies; the wall has the norm alone. Asserts the non-complementarity explicitly so it cannot be
inferred: 15-;4 in integrals against 0-;1 in moduli.). Computes: runs clean; twelve verdicts plus an
adversarial deficit test Bound: derived here by dimension count against stated bounds; no parame-
ter pinned Run: python3 receipts/P12_algebroid_paper/I13_the_stratification_is_a_ledger_of_first_inf

P12R9 P12 polar dimension [OK]
sec:substrate (what fixes the substrate’s dimension and what does not: least-arbitrariness is
SILENT on D (dS_D is moduli-free for every D, so it selects the manifold at fixed dimension);
the generation argument (’slicing dS_4 only re-coordinatizes’) is a LOWER BOUND D;=5, not
an equality; what pins D=5 is polarity + observed 4D spacetime — the polar of a spacelike sub-
strate point has signature (1,D-1), so the cut is dS_(D-1) in every D, computed here for D=4..8).
Computes: signature computation exact in every D tested; reproduces p0’s (1,4)/SO(4,1)/dS_4 at
D=5 Bound: the negatives (least-arbitrariness silent; multi-step descent not excluded) are logical,
stated not computed; 4D spacetime is empirical and nowhere derived in the corpus Run: python3
receipts/P12_algebroid_paper/P12_polar_dimension.py

P12R10 P12_the_separator must_carry the mass [OK]
sec:strata (the stratification separator must carry the mass: SdS is Einstein, so R-ab R"ab cannot).
Computes: derives R_ab R"ab = 36/alpha”4 and Kretschmann = 48M"2/r"6+24/alpha”4 from the
metric; 8 checks with a control Bound: NOT-A-PAPER-CLAIM — the paper now cites it; found by
node 23, verified here Run: python3 receipts/P12_algebroid _paper/P12_the_separator must_carry_the mass

M3_station_G_supplies_the_sequence_and the three_are_one_knot [OK]
sec:algebroid (station (G) walked: the missing object is the Atiyah sequence, which relates the
algebroid, the anchor and a connection P12 holds separately — and all three remaining stations are
one knot). Computes: counts P12s algebroid /anchor/connection vocabulary against zero Atiyah
sequence, and ties (C), (G), (H) to one unresolved group question (13 checks) Bound: NOT-A-
PAPER-CLAIM — a reach-station result; no defect asserted Run: python3 receipts/L203_reach_stations/M3_s

N1_the_cut_being four_is_what _makes_the_dynamics_forced [OK]
sec:intro (a LEAD: the corpus holds P11s Bianchi statement and P12s algebroid identification and
has never joined them — and the join lands on PO-9, since the Dirac algebra forces GR only in four
dimensions). Computes: asserts both halves at source, MEASURES the absence (zero Lovelock
across 35 tex files, zero uniquely /embeddab in P12), and marks the outside literature as outside
(13 checks) Bound: NOT-A-PAPER-CLAIM — a lead stated as a question; nothing derived Run:
python3 receipts/L175_dimensional_descent/N1_the_cut_being four_is_what makes_the_dynamics_forced.

V1_the variational ledgers premise_is_false [OK]
sec:intro (the variational ledgers premise is FALSE — the Einstein—Hilbert action appears four
times including a second-order expansion reduced mode by mode, while Lagrangian and action
principle sit at zero). Computes: asserts the ledgers own title and adjudication, five zero-counts,
and all four Einstein-Hilbert uses verbatim at source (14 checks) Bound: NOT-A-PAPER-CLAIM
— corrects a ledger; no variational derivation proposed Run: python3 receipts/L175_dimensional_descent/V1._{

S1_seven necessary_conditions_on_the measure [OK]
sec:intro (A8s deliverable: SEVEN necessary conditions the measure on the space of cuts must sat-
isfy, every one already forced by something the corpus states for another purpose). Computes: as-
serts each condition at its source in the papers — the conformal-factor exclusion, the fixed substrate
scale, the true Hamiltonian, Brown—Kuchar, deficiency indices, the per-fibre closure and the alge-
bras closure (10 checks) Bound: NOT-A-PAPER-CLAIM — necessary conditions only; no measure
and no existence claim Run: python3 receipts/L165_defining the_sum/S1_seven necessary_conditions_on_t

E50_a_second_step_is_emptied_by_rule_two_and not_forbidden_by_it [OK]
seczintro  (**P0O-9‘°/‘Al“: RULE 2 EMPTIES A SECOND SLICING STEP RATHER THAN
FORBIDDING OR FORCING IT** — every rung above the last must be maximally symmetric,
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hence a plane section, hence scale-only, so the tower enters the cut through $\{}alpha$ alone and
nothing below can see it. Lead ‘L-533‘; VEIN ‘L-175‘). Computes: computes the hyperplane
split at $D=>5,6,7,8% giving radius $\{}sqrt{\{}alpha"2-c"2}$; pins the scale map at RANK 1
over two choices; recovers $(\{}alpha,r_0)$ from $(\{}Lambda,M)$ up to the three vantages; nine
premise checks in four papers; and two NEGATIVE checks that no ceiling is asserted Bound:
BOUND STAYS BELOW-ONLY — no value of $D$ is claimed and the finding is that none can
be; the routed test needed P6’s three-sense guard attached before it could be run Run: python3
receipts/L175_dimensional_descent/E50_a_second_step_is_emptied_by_rule_two_and not_forbidden by_it.

C3_the_isotropy_citation runs_in_a loop [OK]
sec:strata (item 26s residue: P12 and P9 cite EACH OTHER for the isotropy dimensions, and the
triple {6,7,10} appears in neither derivation — F12s six-of-nine characterisation does not exist).
Computes: three zero-counts against F'12s wording, both citation sentences asserted verbatim, and
the triples absence from P9 confirmed (11 checks) Bound: NOT-A-PAPER-CLAIM — the triple is
not disputed; the citation is Run: python3 receipts/L204_physics_reach/C3_the_isotropy_citation_runs_in_

P12R11 Al_the triple_is_an algebra fact [OK]
seczisotropy  (FOR-54 item 26 discharged: {6,7,10} are so(5,1)s SYMMETRIC-PAIR dimen-
sions (so(5) and so(4,1) at ten, so(1,1)+so(4) at seven, so(2,1)+so0(3) at six) — an algebra fact
P12 owns, while P9s stratum isotropies are {10,6,4}). Computes: asserts both papers passages
verbatim, computes the symmetric-decomposition dimensions and the stratum dimensions, and
confirms 6,7,10 appears nowhere in P9 (9 checks) Bound: PAPER-CLAIM — P12 now states
the decompositions in its own voice; the citation no longer carries the fact Run: python3
receipts/P12_algebroid/Al_the_triple_is_an_algebra_fact.py

P12R16 A3_the_convergence_audit [OK]
the convergence question (THE CONVERGENCE AUDIT — Daryl r2685: ”has the unknown
space actually narrowed? Is the remaining work finite?” **The count says no and the count is
right about what it counts™*: across r2615-1r2684, one row struck and two marked ANSWERED.
**Registered ¢54.225 (‘L-559°): the file existed and had NO INDEX row.**). Computes: audits the
register’s own movement over a pinned revision range and separates rows struck from rows answered
Bound: NOT-A-PAPER-CLAIM — a programme audit answering a direct question. **Registered,
not written, at ¢54.225.** Run: python3 receipts/P12 algebroid/A3_the_convergence _audit.py

Al_the_atiyah sequence_is not missing from P12_it_is P12s_object_unnamed [OK]
R-M station (G) / Lie algebroids (**THE ATTYAH SEQUENCE IS NOT MISSING FROM P12
— IT IS P12’S OBJECT, UNNAMED, AND ALL FOUR OF ITS TERMS ARE ALREADY IN
THE PAPER UNDER FOUR OTHER WORDS.** The station carried the caveat " P12’s algebroid
is the constraint algebra’s and not a bundle’s”, which is right in general and wrong here: P12’s
object is an **action™* algebroid ‘so(5,1) x C‘, and **the action algebroid of $G$ on $G/HS is
the Atiyah algebroid of the principal $H$-bundle $G\{}to G/H$**. ‘ker(anchor)‘ = §\{}mathfrak
h$ = $\{}so(4,1)$, which P12 calls **”the cut-fixing isotropy” ** — and the word ‘kernel* occurs
**zero** times in P12. ‘im(anchor)’ & $\{}mathfrak m$, the ”cut-deforming coset”. And P12’s
"section of the bundle that would select a definite flow” **is the splitting**: the paper supplies
it and does not say what it splits. **And P12’s closure test is the splitting’s curvature compu-
tation:** $[\{}mathfrak m,\{}mathfrak m]\{}subset\{}mathfrak h$ says the curvature is valued
in $\{}ker\{}rho$, it is nonzero, and it equals the substrate’s Riemann tensor. **The structure
relating them is in ‘Mackenzie2005°, which P12 already cites** — for one sentence.). Computes:
COMPUTES: on explicit $6\{}times6$ $\{}so(5,1)$ matrices — the symmetric-space grading with
all three inclusions over **every** basis pair (100, 50, 25), and that $[\{}mathfrak m,\{}mathfrak
m|$ has 20 nonvanishing pairs; the kernel of the anchor by annihilating the cut direction, ten gen-
erators, exactly $\{}mathfrak h$; the rank arithmetic $10+5=15% and the anchor’s surjectivity on
the orbit, so the algebroid is transitive there; the symmetric-space curvature $-[[X,Y],Z]$ against
the constant-curvature form on **all 125 triples** of $\{}mathfrak m$, all matching with $\ {}1vert
K\{}rvert=18$; and the Jacobi identity over **all 3375** basis triples, 0 violations — which is why
‘Jacobi‘x0 in seventeen papers is a consequence for an action algebroid rather than a gap. Plus the
baseline: ‘Atiyah sequence’, ‘adjoint bundle‘, ‘principal bundle‘, ‘exact sequence‘ and ‘Chevalley*
all x0, against ‘algebroid‘ x25 and ‘isotropy‘ x19 in P12 (14 checks). Nothing is pinned or fitted.
Bound: NOT-A-PAPER-CLAIM — the reading is recorded here and no ‘.tex‘ is edited. **NOT
claimed:** that P12 is wrong anywhere — every ingredient is the paper’s, and its identification of

15



the structure function with the coset **metric** is a different statement and is untouched; that the
sequence SPLITS as Lie algebroids — that needs a flat connection, the canonical one is not flat,
and the bundle’s topology is not settled here; that the algebroid over the whole space of cuts is the
Atiyah algebroid — the identification is on the ORBIT, which is the symmetry-reducible sector P12
states as its scope; that ‘kernel‘x0 in P12 is an error — the object is named correctly as the isotropy,
and what is absent is the sequence that makes the four names one structure. Run: python3
receipts/L265_station_G_the_sequence_is_the_object/Al_the atiyah_sequence_is not missing from P12_i

P12R18 155 the atiyah sequence_is_exact_and_a characteristic_class_is not_available [OK]
sec:anchor (L186, L190) (P12 writes the Atiyah sequence of SO(5,1)-;dS_5 explicitly with 10+5=15
and the symmetric-space relation [m,m] in h, and reaches the problem-of-time obstruction through
AMBROSE-SINGER holonomy rather than a characteristic class. This verifies all three assertions
and shows the class route is not merely unnamed but UNAVAILABLE — the bundle sits over the
space of cuts C and the paper never fixes C’s homotopy type). Computes: builds so(5,1) in signa-
ture (-,4,+,+,+,4) on explicit matrices; dim h = 10, dim m = 5, sum 15; [m,m] in h to 2.2e-16;
identical for all five choices of fixed axis; and an arbitrary 10/5 split BREAKS the relation (resid-
ual 1.0), so it measures the symmetric-space structure and not the counting. Class vocabulary and
base topology both measured x0 Bound: SUPPORTS P12 — and REFUTES the locator’s reason:
a characteristic class gives only a necessary condition for flatness (Chern-Weil) while holonomy
decides it, so the paper’s route is better than the one it was predicted to be missing Run: python3
receipts/P12_algebroid _paper/I55_the_atiyah sequence_is_exact_and a_characteristic_class_is not_ava
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Appendix L. The Knowledge Ledgers

Each claim marked - in the text rests on a field bake or the figure—theorem bake recorded in the named
ledger, which ships with this work and carries the probes, the receipts, and the three registers kept apart
— what bit, what bounced, and where the boundary is. A ledger is working apparatus, not a publication,
and is cited here rather than in the bibliography. This appendix is generated from the ledger index, not
maintained by hand.

L13 INDEX_THEORY_LEDGER.md [field bake]
The differential-topology and index-theory field-bake ledger — what bit, what bounced, and where
the boundary is

L14 INTEGRABLE_SYSTEMS_LEDGER.md [field bake]
The integrable-systems field-bake ledger — what bit, what bounced, and where the boundary is
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